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Strong and Yukawa two-loop contributions to Higgs scalar boson self-energies and

pole masses in supersymmetry

Stephen P. Martin
Physics Department, Northern Illinois University, DeKalb IL 60115 USA

and Fermi National Accelerator Laboratory, PO Box 500, Batavia IL 60510

I present results for the two-loop self-energy functions for neutral and charged Higgs scalar bosons
in minimal supersymmetry. The contributions given here include all terms involving the QCD cou-
pling, and those following from Feynman diagrams involving Yukawa couplings and scalar interac-
tions that do not vanish as the electroweak gauge couplings are turned off. The impact of these
contributions on the computation of pole masses of the neutral and charged Higgs scalar bosons is
studied in a few examples.
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I. INTRODUCTION

The small ratio of the electroweak symmetry breaking
scale to other possible energy scales, including the Planck
scale, is one of the most important puzzles in high-energy
physics today. This hierarchy is stabilized by low-energy
supersymmetry[1–3], but only if it is within discovery
reach of the Large Hadron Collider (LHC) and subject to
detailed study at a future TeV-scale e+e− linear collider
(LC). It is a pleasant feature of supersymmetry that the
Higgs sector is both perturbatively calculable, and highly
sensitive to radiative corrections at least at two-loop or-
der. The precision of measurements at the next gener-
ation of high-energy physics experiments will therefore
allow precision tests of theoretical model frameworks for
low-energy supersymmetry. For example, the mass of the
lightest neutral Higgs scalar boson, h0, may be obtained

at the LHC with an uncertainty of perhaps 100-200 MeV
[4], and about 50 MeV at a LC [5]-[7].

Much work (see for example [8]-[36] and references
therein) has already been done on radiative corrections
to electroweak symmetry breaking in supersymmetry and
on the related problem of evaluating the physical masses
of the Higgs scalar bosons. The effective potential for
the minimal supersymmetric standard model (MSSM)
has now been evaluated at two-loop order [30, 31]. In
addition to allowing an accurate implementation of elec-
troweak symmetry breaking in the MSSM, this allows a
calculation [32] of the physical mass of the lightest neu-
tral Higgs scalar, incorporating the complete one-loop
results and all two-loop results in the effective potential
approximation. This means that the two-loop self-energy
contributions to the pole mass are estimated by setting
the external momentum invariant equal to zero, instead
of evaluating them at the pole in the renormalized propa-
gator. This can be a good approximation for the lightest
Higgs scalar, h0, since it is much lighter than most of
the virtual particles propagating in loops, in particular
the top quark and the squarks. However, the error made
in doing so is still significant compared to the eventual
experimental uncertainty in the mass of a light Higgs
scalar boson, as we will see below. Also, it is gener-
ally not a valid approximation for the other Higgs scalar
bosons H0, A0, H±, especially in the limit that they are
heavy. In order to adequately compete with the accu-
racy that can be obtained at the LHC and an LC, it will
probably be necessary to have the complete momentum-
dependent set of corrections to the two-loop self energy,
and the leading three-loop contributions in the effective
potential approximation, at least for h0.

In this paper, I extend previous work by presenting an-
alytical expressions for some of the leading contributions
to the two-loop self-energy functions for the Higgs scalars
in the minimal supersymmetric standard model. My

calculations use the mass-independent DR
′
scheme [37]

based on regularization by dimensional reduction [38]. Of
course, these results should eventually agree with calcu-
lations done in the on-shell type schemes for all questions
posed in terms of physical observables, up to corrections
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of higher order. As a matter of opinion, I find the calcula-

tions in the DR
′
scheme to be simpler than in the on-shell

schemes, and more flexible in the sense that they can be
performed once for generic field theories and then ap-
plied to all kinds of special cases. (In on-shell schemes,
the organization of the calculations depends on a special
choice of observable input parameters; this choice will
be different for different particles and for different the-
ories.) Indeed, the results presented below rely on cal-
culations already performed in a generic renormalizable
quantum field theory in ref. [39]. In that paper, formu-
las for the two-loop scalar self-energy diagrams involving
up to two gauge couplings were presented in terms of a
minimal basis of two-loop integrals. Explicit definitions
and procedures for the efficient numerical evaluation of
these basis integrals1 are described in ref. [40, 41]. Com-
parisons with the predictions of specific models for very
high-energy physics and supersymmetry breaking will re-

quire the evaluation of DR
′
scheme parameters, by global

fits of many observables to data.
The objects of interest in this paper are the one-loop

and two-loop contributions to the self-energy function
matrices for Higgs scalar fields φi:

Πij(s) =
1

16π2
Π

(1)
ij (s) +

1

(16π2)2
Π

(2)
ij (s) + . . . , (1.1)

as functions of the squared-momentum invariant

s = −p2. (1.2)

using a metric of signature (−+++). Here s is always
given an infinitesimal positive imaginary part to resolve
branch cuts above thresholds. Then the gauge-invariant
[47]-[50] complex pole masses of the Higgs scalar bosons,

sk = M2
k − iΓkMk, (1.3)

can be found by iteratively solving the equation

Det
[
(m2

i − sk)δij + Πij(sk)
]

= 0, (1.4)

where the m2
i are the tree-level renormalized running

squared masses. Here, the self-energy function must be
evaluated in the sense of a Taylor series around a nearby
point on the real s axis; in other words, the self-energy
and its derivatives are first evaluated for s with an in-
finitesimal positive imaginary part, and this data is then
used to construct a Taylor series expansion for complex
s. This is necessary because the imaginary part of the
pole mass is negative, while the imaginary part of s is al-
ways positive. One representation of the solution, which

1 The basis integrals are renormalized versions of the ones whose
recursion relations were worked out in [42] and implemented in
[43]. The strategy for their evaluation in [40] (soon to be im-
plemented in a computer program package [41]) is similar to the
one put forward earlier in [44]. Some other useful two-loop self-
energy basis integral strategies are found in [45]-[46].

maintains manifest gauge invariance at each order in per-
turbation theory, is

Det
[
(m2

i − sk)δij + [Π̃k]ij

]
= 0, (1.5)

where, at one-loop order, the solution s
(1)
k is obtained

using

[Π̃k]ij =
1

16π2
Π

(1)
ij (m2

k), (1.6)

and then at two-loop order,

[Π̃k]ij =
1

16π2
Π

(1)
ij (m2

k) +
1

16π2
(s

(1)
k − m2

k)Π
(1)′
ij (m2

k)

+
1

(16π2)2
Π

(2)
ij (m2

k). (1.7)

Formally, the difference between this method and the
method of iterating eq. (1.4) directly is of three-loop
order. However, the tree-level value of m2

h0 runs quite
rapidly with the renormalization scale Q, so perform-
ing a Taylor series expansion about it is formally valid
but numerically suspect. The difference between these
two methods for computing the pole masses of the Higgs
scalars usually turns out to be small for the real parts,
but the procedure of iterating eq. (1.4) directly gives a
result for the imaginary part of the complex pole mass of
h0 that is much more stable with respect to changes in
the renormalization scale Q.

The calculations used in this paper neglect the Yukawa
couplings of the first two families, and the corresponding
soft (scalar)3 interactions. Thus, I use as inputs the fol-

lowing 33 DR
′
parameters at a specified renormalization

scale Q:

vu, vd, (1.8)

g3, g, g′, yt, yb, yτ , (1.9)

m2
Qi

, m2
Li

, m2
ui

, m2
di

, m2
ei

, (i = 1, 2, 3) (1.10)

m2
Hu

, m2
Hd

, b, µ, (1.11)

M3, M2, M1, at, ab, aτ , (1.12)

in the notation of refs. [3, 31]. No assumptions regarding
CP-violating phases are made, so the last 7 parameters
may be complex. The other parameters are always real,
either by definition or by convention, without loss of gen-
erality. This means that the formulas below are valid for
general CP violation in the soft terms of the MSSM, but
neglecting the usual Cabibbo-Kobayashi-Maskawa CP vi-
olating parameter. At tree-level, there is no CP-violation
in the Higgs sector, so one defines tree-level mass eigen-
states φ0

i = (h0, H0, G0, A0) and φ±

i = (G±, H±) with
the usual CP quantum number assignments. In general,
the self-energy functions then consist of a 4 × 4 matrix
for the neutral scalars φ0

i , and a 2 × 2 matrix for φ±

i .
The parameters vu and vd are actually redundant; they
are defined to be the Landau gauge vacuum expectation
values of the Higgs fields at the minimum of the two-loop
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effective potential evaluated at Q. In practice, they can
be taken as given and used to eliminate b and |µ|, or vice
versa.

The fact that vu and vd minimize the two-loop effective
potential means that the sum of all tadpole diagrams, in-
cluding the tree-level contributions, vanishes identically
through the same order, so that they do not need to be
included explicitly in perturbative calculations. (This is
in contrast to another popular scheme in which one per-
turbs around the minimum of the tree-level potential. In
that case, the tree-level tadpoles vanish, but the sum of
one-loop tadpoles and two-loop tadpoles does not, and so
they must be included explicitly.) In calculating the self-
energies below, I use the Landau gauge for electroweak
bosons, and a general covariant gauge for gluon propa-
gators.

In this paper, I include all one-loop corrections to the
Higgs scalar boson self-energies. The two-loop correc-
tions that are included are of two types. First, I include
all diagrams that involve the QCD coupling g3. This
includes all effects of order:

g2
3y

2
t , g2

3ytyb, g2
3y

2
b , g2

3g
2, g2

3gg′, g2
3g

′2, (1.13)

and those related by replacing one or both powers of yt

or yb by the corresponding soft coupling at or ab. This
means all diagrams involving the gluon or the gluino, and
also the diagrams involving the four-squark interactions
proportional to g2

3 . Second, I include all diagrams that
do not vanish when the electroweak gauge couplings are
turned off. These include effects proportional to

y4
t , y3

t yb, y2
t y

2
b , yty

3
b , y4

b , y4
τ , y2

by
2
τ , (1.14)

and those related by replacing one or more Yukawa cou-
pling(s) by the corresponding soft terms at, ab, aτ . Also,
I include electroweak effects whenever they contribute to
the same Feynman diagrams as just mentioned. This in-
cludes both explicit factors of g, g′ in the scalar couplings
that also involve Yukawa couplings, and implicit factors
in the mixing angles of the Higgs scalars, squarks, slep-
tons, neutralinos and charginos. (It would seem counter-
productive to try to disentangle the latter anyway.) In
the future when all of the two-loop self-energy contribu-
tions become available, it will just be a matter of adding
in the contributions of the Feynman diagrams not consid-
ered here. It follows that some, but not all, effects of or-
der e.g. y2

t g2 are included in the present paper. Thus, the
formal level of approximation is to neglect electroweak ef-
fects not involving g3 at two-loop order; but for future
convenience some of them are included anyway. In the
case of the lightest Higgs scalar boson h0, all other two-
loop corrections to the self-energy are included in the
effective potential approximation, as in refs. [30–32].

In much of the parameter space of the MSSM, includ-
ing the decoupling limit for the heavier Higgs scalars, the
scalar h0 is predominantly made out of the gauge eigen-
state field that couples to the top quark, while H0, A0,
and H± are predominantly made out of the gauge eigen-
state field that has a Yukawa couplings to the bottom

quark. Therefore, because of the large top mass com-
pared to the other quarks and leptons, the effects detailed
above are generally more significant for h0 than for the
other Higgs scalars, at least when tanβ is moderate.

The Feynman diagram topologies that play a role in
this paper are shown in Figure 1. Each diagram shown
that involves fermions actually refers to several distinct
ones, with chirality-reversing fermion mass insertions in-
serted in all possible ways. For each diagram, there is a
corresponding finite loop integral function, which also in-

cludes the DR
′
counterterms for that diagram. The label

on each diagram refers to that function, strictly follow-
ing the notation and definitions found in [39], which lists
them in terms of the minimal set of basis functions. The
numerical evaluation of the basis functions is in turn de-
scribed in detail in ref. [40].

The rest of this paper is organized as follows. Section
II presents the complete list of three- and four-particle
couplings used in the calculations. The known one-loop
results for the Higgs scalar self-energies are reviewed in
section III. The two-loop self-energy contributions de-
scribed above are given for the neutral Higgs scalars in
IV, and for the charged Higgs scalars in V. Section
VI briefly recounts some consistency checks, and stud-
ies some numerical results for specific model parameters.

II. COUPLINGS

In this section, I provide the list of three- and four-
particle couplings needed in the rest of the paper. The
conventions and notations for the MSSM Lagrangian pa-
rameters and mixing matrices strictly follow those given
in section II of [31], which will not be repeated here for
brevity.

[The signs of some of the couplings listed here do differ
from those listed in section III of [31], namely equations
(3.6)-(3.9), (3.11)-(3.13), (3.27)-(3.33), (3.35)-(3.38), and
(3.44)-(3.47) of that paper. These sign conventions actu-
ally make no difference at all for ref. [31], because three-
particle couplings always appear squared in the two-loop
effective potential. However, the signs are important in
the present paper, and have been chosen to agree con-
sistently with ref. [39]. To avoid confusion, all of the
relevant couplings are listed here.]

The couplings of fermions to the Higgs scalar bosons
φ0

i = (h0, H0, G0, A0) and φ±

i = (G±, H±) are:

Yttφ0
i

= ytkuφ0
i
/
√

2, (2.1)

Ybbφ0
i

= ybkdφ0
i
/
√

2, (2.2)

Yττφ0
i

= yτkdφ0
i
/
√

2, (2.3)

Ytbφ+

i
= −ytkuφ+

i
, (2.4)

Ybtφ−

i
= −ybkdφ+

i
, (2.5)

Yτντ φ−

i
= −yτkdφ+

i
. (2.6)
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AS BSS BF F

AV BSV BV V

MF F F F V VF F F F V MSSSSV VSSSSV

WSSSV MSF SF F VF F F F S WSSF F

VSSSF F XSSS YSSSS ZSSSS

MSSSSS SSSS USSSS VSSSSS

WSSSS MF F F F S

FIG. 1: The one-loop and two-loop Feynman diagram topologies in this paper, by order of first appearance. Dashed lines are
for scalars, solid lines for fermions, wavy lines for electroweak vector bosons and ghosts, and curly lines for gluons. The label
on each diagram refers to a corresponding renormalized integral function, as defined in ref. [39]. There are 7 one-loop and
40 two-loop distinct topologies here, accounting for fermion mass insertions (indicated below with a bar over the appropriate
subscript F ), but not counting separately diagrams obtained by exchanging external lines or reversing all fermion chiralities.



5

The fermion-neutralino-sfermion couplings are:

YuÑiũ∗
L

= (gN∗

i2 + g′N∗

i1/3)/
√

2, (2.7)

YuÑiũR
= −2

√
2g′N∗

i1/3, (2.8)

YdÑid̃∗
L

= (−gN∗

i2 + g′N∗

i1/3)/
√

2, (2.9)

YdÑid̃R
=

√
2g′N∗

i1/3, (2.10)

YeÑi ẽ∗
L

= −(gN∗

i2 + g′N∗

i1)/
√

2, (2.11)

YeÑiẽR
=

√
2g′N∗

i1, (2.12)

YνÑiν̃∗ = (gN∗

i2 − g′N∗

i1)/
√

2, (2.13)

YtÑi t̃∗j
= L∗

t̃j
YuÑiũ∗

L
+ R∗

t̃j
N∗

i4yt, (2.14)

YtÑi t̃j
= Rt̃j

YuÑiũR
+ Lt̃j

N∗

i4yt, (2.15)

YbÑib̃∗j
= L∗

b̃j
YdÑid̃∗

L
+ R∗

b̃j
N∗

i3yb, (2.16)

YbÑib̃j
= Rb̃j

YdÑid̃R
+ Lb̃j

N∗

i3yb, (2.17)

YτÑiτ̃∗
j

= L∗

τ̃j
YeÑiẽ∗

L
+ R∗

τ̃j
N∗

i3yτ , (2.18)

YτÑiτ̃j
= Rτ̃j

YeÑiẽR
+ Lτ̃j

N∗

i3yτ . (2.19)

The fermion-chargino-sfermion couplings are:

YdC̃iũ∗
L

= YeC̃iν̃∗
e

= YτC̃iν̃∗
τ

= gV ∗

i1, (2.20)

YuC̃id̃∗
L

= YνeC̃iẽ∗
L

= gU∗

i1, (2.21)

YbC̃i t̃∗j
= L∗

t̃j
gV ∗

i1 − R∗

t̃j
V ∗

i2yt, (2.22)

YbC̃i t̃j
= −Lt̃j

U∗

i2yb, (2.23)

YtC̃ib̃∗j
= L∗

b̃j
gU∗

i1 − R∗

b̃j
U∗

i2yb, (2.24)

YtC̃ib̃j
= −Lb̃j

V ∗

i2yt, (2.25)

Yντ C̃iτ̃∗
j

= L∗

τ̃j
gU∗

i1 − R∗

τ̃j
U∗

i2yτ , (2.26)

YτC̃iν̃τ
= −yτU∗

i2. (2.27)

The neutralino and chargino couplings to Higgs scalar

bosons are:

YC̃+

i
C̃−

j
φ0

k
= g(k∗

dφ0
k
V ∗

i1U
∗

j2 + k∗

uφ0
k
V ∗

i2U
∗

j1)/
√

2, (2.28)

YÑiÑjφ0
k

= (gN∗

i2 − g′N∗

i1)(k
∗

dφ0
k
N∗

j3

−k∗

uφ0
k
N∗

j4)/2 + (i ↔ j), (2.29)

YC̃+

i
Ñjφ−

k
= kuφ+

k
[gV ∗

i1N
∗

j4

+V ∗

i2(gN∗

j2 + g′N∗

j1)/
√

2], (2.30)

YC̃−

i
Ñjφ+

k
= kdφ+

k
[gU∗

i1N
∗

j3

−U∗

i2(gN∗

j2 + g′N∗

j1)/
√

2]. (2.31)

The couplings of electroweak gauge bosons to each other
and to the Higgs scalar bosons are:

gWφ0
j
φ+

k
= ig(kdφ0

j
kdφ+

k
− k∗

uφ0
j
kuφ+

k
)/2, (2.32)

gZφ0
j
φ0

k
=
√

g2 + g′2Im[kuφ0
j
k∗

uφ0
k
− kdφ0

j
k∗

dφ0
k
]/2, (2.33)

gZφ+

j φ−

k
= iδjk(g2 − g′2)/2

√
g2 + g′2, (2.34)

gWWφ0
i
φ0

j
= δijg

2/2, (2.35)

gWWφ+

i
φ−

j
= δijg

2/2, (2.36)

gZZφ0
i
φ0

j
= δij(g

2 + g′2)/2, (2.37)

gZZφ+

i
φ−

j
= δij(g

2 − g′2)2/2(g2 + g′2), (2.38)

gZZφ0
i

= (g2 + g′2)Re[vukuφ0
i
+ vdkdφ0

i
]/
√

2, (2.39)

gWWφ0
i

= g2Re[vukuφ0
i
+ vdkdφ0

i
]/
√

2, (2.40)

gWAφ+

i
= eg(vukuφ+

i
− vdkdφ+

i
)/
√

2, (2.41)

gWZφ+

i
= −eg′(vukuφ+

i
− vdkdφ+

i
)/
√

2, (2.42)

where e = g′g/
√

g2 + g′2 is the QED coupling.

The couplings of four Higgs scalar bosons are given by:

λφ0
i
φ0

j
φ0

k
φ0

m
= (g2 + g′2)Re[kuφ0

i
k∗

uφ0
j
− kdφ0

i
k∗

dφ0
j
]Re[kuφ0

k
k∗

uφ0
m
− kdφ0

k
k∗

dφ0
m

]/4 + (i ↔ k) + (i ↔ m), (2.43)

λφ0
i
φ0

j
φ+

k
φ−

m
=
[
g2(δijδkm + 2kuφ0

i
kdφ0

j
kdφ+

k
kuφ+

m
+ 2k∗

uφ0
i
k∗

dφ0
j
kuφ+

k
kdφ+

m
)

+g′2(kuφ0
i
k∗

uφ0
j
− kdφ0

i
k∗

dφ0
j
)(kuφ+

k
kuφ+

m
− kdφ+

k
kdφ+

m
)
]
/8 + (i ↔ j), (2.44)

λφ+

i
φ+

j
φ−

k
φ−

m
= (g2 + g′2)(2kuφ+

i
kuφ+

j
kuφ+

k

kuφ+
m
− kuφ+

i
kdφ+

j
kuφ+

k

kdφ+
m
− kdφ+

i
kuφ+

j
kuφ+

k

kdφ+
m

)/4 + (u ↔ d). (2.45)

and the couplings of three Higgs scalars are:

λφ0
i
φ0

j
φ0

k
= (g2 + g′2)Re[kuφ0

i
k∗

uφ0
j
− kdφ0

i
k∗

dφ0
j
]Re[kuφ0

k
vu − kdφ0

k
vd]/2

√
2 + (k ↔ i) + (k ↔ j)

λφ0
i
φ+

j
φ−

k
=
{
g2
(
[vdkuφ0

i
+ vukdφ0

i
]kdφ+

j
kuφ+

k
+ [vdk

∗

uφ0
i
+ vuk∗

dφ0
i
]kuφ+

j
kdφ+

k
+ δjkRe[vdkdφ0

i
+ vukuφ0

i
]
)

+g′2[kdφ+

j
kdφ+

k
− kuφ+

j
kuφ+

k
]Re[vdkdφ0

i
− vukuφ0

i
]
}
/2

√
2. (2.46)

The couplings involving sfermions are conveniently written using the quantities If̃ and Yf̃ , defined to be the third
component of weak isospin and the weak hypercharge of the left-handed chiral superfield containing the squark or
slepton f̃ :
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ũL d̃L ν̃e ẽL ũR d̃R ẽR

If̃ 1/2 −1/2 1/2 −1/2 0 0 0

Yf̃ 1/6 1/6 −1/2 −1/2 −2/3 1/3 1

Then we have for the couplings of two neutral Higgs scalars to sfermion-antisfermion pairs

λφ0
i
φ0

j
f̃ f̃∗ = (If̃g2 − Yf̃g′2)Re[kdφ0

i
k∗

dφ0
j
− kuφ0

i
k∗

uφ0
j
]/2 (2.47)

for the sfermions f̃ of the first and second families and ν̃τ , and

λφ0
i
φ0

j
t̃k t̃∗m

= Re[kuφ0
i
k∗

uφ0
j
]y2

t δkm + Lt̃k
L∗

t̃m
λφ0

i
φ0

j
ũLũ∗

L
+ Rt̃k

R∗

t̃m
λφ0

i
φ0

j
ũRũ∗

R
, (2.48)

λφ0
i
φ0

j
b̃k b̃∗m

= Re[kdφ0
i
k∗

dφ0
j
]y2

bδkm + Lb̃k
L∗

b̃m
λφ0

i
φ0

j
d̃Ld̃∗

L
+ Rb̃k

R∗

b̃m
λφ0

i
φ0

j
d̃Rd̃∗

R
, (2.49)

λφ0
i φ0

j τ̃kτ̃∗
m

= Re[kdφ0
i
k∗

dφ0
j
]y2

τδkm + Lτ̃k
L∗

τ̃m
λφ0

i φ0
j ẽL ẽ∗

L
+ Rτ̃k

R∗

τ̃m
λφ0

i φ0
j ẽRẽ∗

R
(2.50)

for the other sfermions of the third family. The neutral Higgs-sfermion-antisfermion couplings are similarly given by

λφ0
i f̃ f̃∗ = (If̃g2 − Yf̃g′2)Re[kdφ0

i
vd − kuφ0

i
vu]/

√
2 (2.51)

for the first two families and ν̃τ , and by

λφ0
i
t̃k t̃∗m

=
√

2vuy2
t Re[kuφ0

i
]δkm + Lt̃k

R∗

t̃m
(kuφ0

i
at − k∗

dφ0
i
µ∗yt)/

√
2 + Rt̃k

L∗

t̃m
(k∗

uφ0
i
a∗

t − kdφ0
i
µyt)/

√
2

+Lt̃k
L∗

t̃m
λφ0

i
ũLũ∗

L
+ Rt̃k

R∗

t̃m
λφ0

i
ũRũ∗

R
, (2.52)

λφ0
i
b̃k b̃∗m

=
√

2vdy
2
bRe[kdφ0

i
]δkm + Lb̃k

R∗

b̃m
(kdφ0

i
ab − k∗

uφ0
i
µ∗yb)/

√
2 + Rb̃k

L∗

b̃m
(k∗

dφ0
i
a∗

b − kuφ0
i
µyb)/

√
2

+Lb̃k
L∗

b̃m
λφ0

i
d̃Ld̃∗

L
+ Rb̃k

R∗

b̃m
λφ0

i
d̃Rd̃∗

R
, (2.53)

λφ0
i
τ̃kτ̃∗

m
=

√
2vdy

2
τRe[kdφ0

i
]δkm + Lτ̃k

R∗

τ̃m
(kdφ0

i
aτ − k∗

uφ0
i
µ∗yτ )/

√
2 + Rτ̃k

L∗

τ̃m
(k∗

dφ0
i
a∗

τ − kuφ0
i
µyτ )/

√
2

+Lτ̃k
L∗

τ̃m
λφ0

i
ẽLẽ∗

L
+ Rτ̃k

R∗

τ̃m
λφ0

i
ẽRẽ∗

R
(2.54)

for the other third family sfermions. The couplings of pairs of charged Higgs scalars to sfermions of the first two
families are

λφ+

i
φ−

j
f̃ f̃∗ = (If̃g2 + Yf̃g′2)(kuφ+

i
kuφ+

j
− kdφ+

i
kdφ+

j
)/2. (2.55)

For the sfermions of the third family,

λφ+

i
φ−

j
t̃k t̃∗m

= Rt̃k
R∗

t̃m
(y2

t kuφ+

i
kuφ+

j
+ λφ+

i
φ−

j
ũRũ∗

R
) + Lt̃k

L∗

t̃m
(y2

bkdφ+

i
kdφ+

j
+ λφ+

i
φ−

j
ũLũ∗

L
), (2.56)

λφ+

i
φ−

j
b̃k b̃∗m

= Lb̃k
L∗

b̃m
(y2

t kuφ+

i
kuφ+

j
+ λφ+

i
φ−

j
d̃Ld̃∗

L
) + Rb̃k

R∗

b̃m
(y2

bkdφ+

i
kdφ+

j
+ λφ+

i
φ−

j
d̃Rd̃∗

R
), (2.57)

λφ+

i
φ−

j
ν̃τ ν̃∗

τ
= (y2

τkdφ+

i
kdφ+

j
+ λφ+

i
φ−

j
ν̃ν̃∗), (2.58)

λφ+

i φ−

j τ̃kτ̃∗
m

= Lτ̃k
L∗

τ̃m
λφ+

i φ−

j ẽLẽ∗
L

+ Rτ̃k
R∗

τ̃m
(y2

τkdφ+

i
kdφ+

j
+ λφ+

i φ−

j ẽR ẽ∗
R
). (2.59)

The charged Higgs-sfermion-antisfermion couplings are

λφ+

i
d̃Lũ∗

L
= λφ+

i
ẽLν̃∗

e
= g2(kuφ+

i
vu + kdφ+

i
vd)/2 (2.60)

for the first two families, and

λφ+

i
b̃k t̃∗m

= Lb̃k
L∗

t̃m
(λφ+

i
d̃Lũ∗

L
− y2

t vukuφ+

i
− y2

bvdkdφ+

i
) − Rb̃k

R∗

t̃m
ytyb(kdφ+

i
vu + kuφ+

i
vd)

−Lb̃k
R∗

t̃m
(kuφ+

i
at + kdφ+

i
µ∗yt) − Rb̃k

L∗

t̃m
(kdφ+

i
a∗

b + kuφ+

i
µyb), (2.61)

λφ+

i
τ̃kν̃∗

τ
= Lτ̃k

(λφ+

i
ẽLν̃∗

e
− y2

τvdkdφ+

i
) − Rτ̃k

(kdφ+

i
a∗

τ + kuφ+

i
µyτ ). (2.62)

for the third family. The charged Higgs-neutral Higgs-sfermion-antisfermion couplings are

λφ0
i
φ+

j
d̃Lũ∗

L
= λφ0

i
φ+

j
ẽL ν̃∗ = g2(k∗

uφ0
i
kuφ+

j
+ kdφ0

i
kdφ+

j
)/2

√
2 (2.63)
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for the first two families, and

λφ0
i
φ+

j
b̃k t̃∗m

= Lb̃k
L∗

t̃m
(λφ0

i
φ+

j
d̃Lũ∗

L
− [y2

t k∗

uφ0
i
kuφ+

j
+ y2

bkdφ0
i
kdφ+

j
]/
√

2)

−Rb̃k
R∗

t̃m
ytyb(kuφ0

i
kdφ+

j
+ k∗

dφ0
i
kuφ+

j
)/
√

2, (2.64)

λφ0
i
φ+

j
τ̃kν̃∗

τ
= Lτ̃k

(λφ0
i
φ+

j
ẽLν̃∗ − y2

τkdφ0
i
kdφ+

j
/
√

2) (2.65)

for the third family.
The sfermion-antisfermion-sfermion-antisfermion couplings in the Lagrangian are written as

−L =
1

2
λf̃if̃∗

j
f̃kf̃∗

m
(f̃if̃

∗

j )(f̃kf̃∗

m), (2.66)

where each combination in parentheses forms a color singlet. Then

λf̃if̃∗
j

f̃k f̃∗
m

= Xf̃if̃∗
j

f̃k f̃∗
m

+ g2
3∑

n=1

x
(n)

f̃i f̃∗
j

x
(n)

f̃k f̃∗
m

+ g′2x′

f̃if̃∗
j

x′

f̃k f̃∗
m

, (2.67)

where the non-zero Yukawa F -term contributions are:

Xt̃i t̃∗j t̃k t̃∗m
= y2

t (Lt̃i
R∗

t̃j
Rt̃k

L∗

t̃m
+ Rt̃i

L∗

t̃j
Lt̃k

R∗

t̃m
), (2.68)

Xb̃ib̃∗j b̃k b̃∗m
= y2

b (Lb̃i
R∗

b̃j
Rb̃k

L∗

b̃m
+ Rb̃i

L∗

b̃j
Lb̃k

R∗

b̃m
), (2.69)

Xτ̃iτ̃∗
j

τ̃kτ̃∗
m

= y2
τ (Lτ̃i

R∗

τ̃j
Rτ̃k

L∗

τ̃m
+ Rτ̃i

L∗

τ̃j
Lτ̃k

R∗

τ̃m
), (2.70)

Xt̃ib̃∗j b̃k t̃∗m
= Xb̃k t̃∗m t̃ib̃∗j

= y2
t Rt̃i

L∗

b̃j
Lb̃k

R∗

t̃m
+ y2

bLt̃i
R∗

b̃j
Rb̃k

L∗

t̃m
, (2.71)

Xν̃τ τ̃∗
j

τ̃kν̃∗
τ

= Xτ̃kν̃∗
τ ν̃τ τ̃∗

j
= y2

τR∗

τ̃j
Rτ̃k

, (2.72)

Xb̃ib̃∗j τ̃kτ̃∗
m

= Xτ̃kτ̃∗
mb̃ib̃∗j

= ybyτ (Lb̃i
R∗

b̃j
Rτ̃k

L∗

τ̃m
+ Rb̃i

L∗

b̃j
Lτ̃k

R∗

τ̃m
), (2.73)

Xt̃ib̃∗j τ̃kν̃∗
τ

= Xτ̃kν̃∗
τ t̃ib̃∗j

= (Xb̃j t̃∗
i
ν̃τ τ̃∗

k
)∗ = (Xν̃τ τ̃∗

k
b̃j t̃∗

i
)∗ = ybyτLt̃i

R∗

b̃j
Rτ̃k

. (2.74)

The electroweak U(1)Y D-term contributions to
eq. (2.67) are:

x′

f̃ f̃∗ = Yf̃ (2.75)

for the sfermions of the first two families, and

x′

t̃j t̃∗
k

= Lt̃j
L∗

t̃k
/6 − 2Rt̃j

R∗

t̃k
/3, (2.76)

x′

b̃j b̃∗
k

= Lb̃j
L∗

b̃k
/6 + Rb̃j

R∗

b̃k
/3, (2.77)

x′

τ̃j τ̃∗
k

= −Lτ̃j
L∗

τ̃k
/2 + Rτ̃j

R∗

τ̃k
, (2.78)

for the third family sfermions. The SU(2)L D-term con-
tributions to eq. (2.67) are

x
(1)

ũLd̃∗
L

= x
(1)

d̃Lũ∗
L

= x
(1)
ν̃e ẽ∗

L
= x

(1)
ẽL ν̃∗

e
= 1/2, (2.79)

x
(2)

ũLd̃∗
L

= −x
(2)

d̃Lũ∗
L

= x
(2)
ν̃e ẽ∗

L
= −x

(2)
ẽLν̃∗

e
= i/2, (2.80)

x
(3)
ũLũ∗

L
= −x

(3)

d̃Ld̃∗
L

= x
(3)
ν̃eν̃∗

e
= −x

(3)
ẽL ẽ∗

L
= 1/2 (2.81)

for the first two family sfermions, and

x
(1)

t̃j b̃∗
k

= (x
(1)

b̃k t̃∗
j

)∗ = Lt̃j
L∗

b̃k
/2, (2.82)

x
(1)
ν̃τ τ̃∗

j
= (x

(1)
τ̃j ν̃∗

τ
)∗ = L∗

τ̃j
/2, (2.83)

x
(2)

t̃j b̃∗
k

= (x
(2)

b̃k t̃∗
j

)∗ = iLt̃j
L∗

b̃k
/2, (2.84)

x
(2)
ν̃τ τ̃∗

j
= (x

(2)
τ̃j ν̃∗

τ
)∗ = iL∗

τ̃j
/2, (2.85)

x
(3)

t̃j t̃∗
k

= Lt̃j
L∗

t̃k
/2, (2.86)

x
(3)
ν̃τ ν̃∗

τ
= 1/2, (2.87)

x
(3)

b̃j b̃∗
k

= −Lb̃j
L∗

b̃k
/2, (2.88)

x
(3)
τ̃j τ̃∗

k
= −Lτ̃j

L∗

τ̃k
/2. (2.89)

for the third family sfermions. The SU(3)c D-term con-
tributions to squark-antisquark-squark-antisquark cou-
plings are not included above, and will be kept track of
separately in the following.

I conclude this section with a few other important con-
ventions to be observed throughout this paper. The sym-
bol f̃ refers to a generic sfermion mass eigenstate. The
symbol q̃ refers only to the 8 first and second family
squarks, (ũL, d̃L, ũR, d̃R, c̃L, s̃L, c̃R, s̃R), which are always
assumed to be mass eigenstates. Indices i, j are used for
the external Higgs scalars. Indices k, m, n, p, . . . for vir-
tual particles are always implicitly summed over all pos-
sible values, namely 1, 2, 3, 4 for neutral Higgs scalars and
neutralinos, or 1, 2 for charged Higgs scalars, charginos,
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top squarks, bottom squarks, and tau sleptons, or over
the 21 distinct sfermion mass eigenstates f̃k. The sym-
bol nf or nf̃ refers to the number of colors, and is al-
ways equal to 3 or 1 in the obvious way. The name
of a particle is always used in place of its renormalized,
tree-level squared mass when appearing as the argument
of a loop function, so for example MSFSF F (t̃k, t, t̃m, t, g̃)

means MSFSFF (m2
t̃k

, m2
t , m

2
t̃m

, m2
t , m

2
g̃). Each of the in-

tegral functions also has an implicit dependence on s and
Q, as in ref. [39]. All of the couplings and masses appear-

ing below are tree-level running DR
′

parameters in the
MSSM with no particles decoupled.

III. ONE-LOOP CONTRIBUTIONS TO HIGGS SCALAR BOSON SELF-ENERGIES

In this section, I review the known results for the one-loop self-energies of the Higgs scalar bosons. The Feynman
gauge versions of these formulas can be found in ref. [20], but here we use the Landau gauge results in order to agree
with the two-loop calculation of the effective potential.

For the neutral Higgs scalar bosons φ0
i = (h0, H0, G0, A0),

Π
(1)

φ0
i
φ0

j

=
1

2
λφ0

i
φ0

j
φ0

k
φ0

k
AS(φ0

k) + λφ0
i
φ0

j
φ+

k
φ−

k
AS(φ+

k ) +
∑

f̃

nf̃λφ0
i
φ0

j
f̃ f̃∗AS(f̃) + λφ0

i
φ+

k
φ−

m
λφ0

j
φ+

mφ−

k
BSS(φ+

k , φ+
m)

+
1

2
λφ0

i
φ0

k
φ0

m
λφ0

j
φ0

k
φ0

m
BSS(φ0

k, φ0
m) +

∑

f̃ ,f̃ ′

nf̃λφ0
i
f̃ f̃ ′∗λφ0

j
f̃ ′f̃∗BSS(f̃ , f̃ ′)

+2Re[YC̃+

k
C̃−

mφ0
i
Y ∗

C̃+

k
C̃−

mφ0
j

]BFF (C̃k, C̃m) + 2Re[YC̃+

k
C̃−

mφ0
i
YC̃+

mC̃−

k
φ0

j
]mC̃k

mC̃m
BFF (C̃k, C̃m)

+Re[YÑkÑmφ0
i
Y ∗

ÑkÑmφ0
j

]BFF (Ñk, Ñm) + Re[YÑkÑmφ0
i
YÑkÑmφ0

j
]mÑk

mÑm
BFF (Ñk, Ñm)

+6Re[Yttφ0
i
Y ∗

ttφ0
j

]BFF (t, t) + 6Re[Yttφ0
i
Yttφ0

j
]m2

t BFF (t, t) + 6Re[Ybbφ0
i
Y ∗

bbφ0
j

]BFF (b, b)

+6Re[Ybbφ0
i
Ybbφ0

j
]m2

bBFF (b, b) + 2Re[Yττφ0
i
Y ∗

ττφ0
j
]BFF (τ, τ) + 2Re[Yττφ0

i
Yττφ0

j
]m2

τBFF (τ, τ)

+
1

2
gZZφ0

i
φ0

j
AV (Z) + gWWφ0

i
φ0

j
AV (W ) + 2Re[gWφ0

i
φ+

k
g∗

Wφ0
j
φ+

k

]BSV (φ+
k , W )

+gZφ0
i
φ0

k
gZφ0

j
φ0

k
BSV (φ0

k, Z) +
1

2
gZZφ0

i
gZZφ0

j
BV V (Z, Z) + gWWφ0

i
gWWφ0

j
BV V (W, W ). (3.1)

In general, this is a 4 × 4 matrix. It has the form of two block-diagonal 2 × 2 matrices in the special case of no
CP violation. The couplings here are as defined in section II. The renormalized and finite loop-integral functions
AS(x), ASS(x, y), BSS(x, y), BFF (x, y), BFF (x, y), AV (x, y), BSV (x, y), and BV V (x, y) are explicitly functions of the
tree-level squared masses of the virtual particles in the loops, and they are all also implicitly functions of s. They can
be found in section III of ref. [39].

For the charged Higgs scalar bosons φ±

i = (G±, H±), the result is a 2 × 2 matrix:

Π
(1)

φ+

i
φ−

j

=
1

2
λφ0

k
φ0

k
φ+

i
φ−

j
AS(φ0

k) + λφ+

i
φ+

k
φ−

j
φ−

k
AS(φ+

k ) +
∑

f̃

nf̃λφ+

i
φ−

j
f̃ f̃∗AS(f̃)

+λφ0
mφ+

i
φ−

k
λφ0

mφ+

k
φ−

j
BSS(φ+

k , φ0
m) +

∑

f̃ ,f̃ ′

nf̃λφ+

i
f̃ f̃ ′∗λ

∗

φ+

j
f̃ f̃ ′∗BSS(f̃ , f̃ ′)

+(YC̃−

k
Ñmφ+

i
Y ∗

C̃−

k
Ñmφ+

j

+ Y ∗

C̃+

k
Ñmφ−

i

YC̃+

k
Ñmφ−

j
)BFF (C̃k, Ñm)

+(YC̃−

k
Ñmφ+

i
YC̃+

k
Ñmφ−

j
+ Y ∗

C̃+

k
Ñmφ−

i

Y ∗

C̃−

k
Ñmφ+

j

)mC̃k
mÑm

BFF (C̃k, Ñm)

+3(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)BFF (t, b) + 3(Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
)mbmtBFF (t, b)

+Yτντ φ−

i
Yτντ φ−

j
BFF (0, τ) +

1

2
gZZφ+

i
φ−

j
AV (Z) + gWWφ+

i
φ−

j
AV (W )

+e2δijBSV (φ+
i , 0) + gWφ0

k
φ+

i
g∗

Wφ0
k
φ+

j

BSV (φ0
k, W ) − gZφ+

i
φ−

k
gZφ+

k
φ−

j
BSV (φ+

k , Z)

+gWAφ+

i
gWAφ+

j
BV V (0, W ) + gWZφ+

i
gWZφ+

j
BV V (Z, W ). (3.2)
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IV. TWO-LOOP CONTRIBUTIONS TO NEUTRAL HIGGS SCALAR BOSON SELF-ENERGIES

In this section, I present analytical formulas for the contributions to the two-loop self-energies of the neutral Higgs

scalars. These are labeled in the form Π
(2),N

φ0
i
φ0

j

, where N is used to distinguish the various contributions and will be

equal to the equation number.

A. Strong contributions

The contributions to the neutral Higgs scalar boson self-energy matrix involving the gluon are:

Π
(2),1

φ0
i
φ0

j

= 4g2
3

{(
2Re[Yttφ0

i
Y ∗

ttφ0
j

]GFF (t, t) + 2Re[Yttφ0
i
Yttφ0

j
]m2

t GFF (t, t)

+λφ0
i
t̃k t̃∗m

λφ0
j
t̃m t̃∗

k
GSS(t̃k, t̃m) + λφ0

i
φ0

j
t̃k t̃∗

k
WSSSV (t̃k, t̃k, t̃k, 0)

)
+ (t → b)

+
∑

q̃

λφ0
i
q̃q̃∗λφ0

j
q̃q̃∗GSS(q̃, q̃) +

∑

q̃

λφ0
i
φ0

j
q̃q̃∗WSSSV (q̃, q̃, q̃, 0)

}
. (4.1)

The functions GFF (x, y), GF F (x, y), and GSS(x, y) are defined in section V of [39]; they follow from the Feynman
diagrams labeled MFFFFV , VFFFFV (with fermion mass insertions in all possible ways) and MSSSSV , VSSSSV in
figure 1 of the present paper. The contributions involving the gluino are given by:

Π
(2),2

φ0
i
φ0

j

= 16g2
3

{[
Re[(Yttφ0

i
Lt̃k

L∗

t̃m
+ Y ∗

ttφ0
i

Rt̃k
R∗

t̃m
)λφ0

j
t̃m t̃∗

k
]mtMSFSFF (t̃k, t, t̃m, t, g̃)

−Re[Yttφ0
i
Lt̃m

R∗

t̃k
λφ0

j
t̃k t̃∗m

]mg̃MSFSFF (t̃k, t, t̃m, t, g̃)

−Re[Y ∗

ttφ0
i

Lt̃m
R∗

t̃k
λφ0

j
t̃k t̃∗m

]m2
t mg̃MSFSFF (t̃k, t, t̃m, t, g̃)

]
+
(
i ↔ j

)}
+
(
t → b

)
, (4.2)

Π
(2),3

φ0
i
φ0

j

= 16g2
3

{
Re[Yttφ0

i
Y ∗

ttφ0
j

]
[
VFFFFS(t, t, t, g̃, t̃k) + m2

t VFFF FS(t, t, t, g̃, t̃k)
]

+2Re[Yttφ0
i
Yttφ0

j
]m2

t VFFFFS(t, t, t, g̃, t̃k) − 4Re[Yttφ0
i
Y ∗

ttφ0
j

]Re[Lt̃k
R∗

t̃k
]mtmg̃VFFF FS(t, t, t, g̃, t̃k)

−2Re[Yttφ0
i
Yttφ0

j
Lt̃k

R∗

t̃k
]mtmg̃VFFFF S(t, t, t, g̃, t̃k)

−2Re[Yttφ0
i
Yttφ0

j
L∗

t̃k
Rt̃k

]m3
t mg̃VF FFFS(t, t, t, g̃, t̃k)

}
+ (t → b), (4.3)

Π
(2),4

φ0
i
φ0

j

= 8g2
3

{[
λφ0

i
φ0

j
t̃k t̃∗

k
WSSFF (t̃k, t̃k, t, g̃) − 2Re[λφ0

i
φ0

j
t̃k t̃∗m

L∗

t̃k
Rt̃m

]mtmg̃WSSFF (t̃k, t̃m, t, g̃)

+2Re[λφ0
i
t̃k t̃∗m

λφ0
j
t̃m t̃∗

k
]VSSSFF (t̃k, t̃m, t̃m, t, g̃)

−2Re[λφ0
i
t̃k t̃∗m

λφ0
j
t̃n t̃∗

k
(Lt̃m

R∗

t̃n
+ Rt̃m

L∗

t̃n
)]mtmg̃VSSSFF (t̃k, t̃m, t̃n, t, g̃)

]
+ (t → b)

+
∑

q̃

λφ0
i
φ0

j
q̃q̃∗WSSFF (q̃, q̃, 0, g̃) + 2

∑

q̃

Re[λφ0
i
q̃q̃∗λφ0

j
q̃q̃∗ ]VSSSFF (q̃, q̃, q̃, 0, g̃)

}
. (4.4)

Finally, the contributions from squark-antisquark-squark-antisquark interactions proportional to g2
3 are:

Π
(2),5

φ0
i
φ0

j

= 4g2
3

{[
λφ0

i
φ0

j
t̃k t̃∗m

(L∗

t̃k
Lt̃n

− R∗

t̃k
Rt̃n

)(Lt̃m
L∗

t̃n
− Rt̃m

R∗

t̃n
)XSSS(t̃k, t̃m, t̃n)

+2Re[λφ0
i
t̃k t̃∗m

λφ0
j
t̃nt̃∗

k
(Lt̃m

L∗

t̃p
− Rt̃m

R∗

t̃p
)(Lt̃p

L∗

t̃n
− Rt̃p

R∗

t̃n
)]YSSSS(t̃k, t̃m, t̃n, t̃p)

+λφ0
i
t̃k t̃∗m

λφ0
j
t̃n t̃∗p

(Lt̃m
L∗

t̃n
− Rt̃m

R∗

t̃n
)(Lt̃p

L∗

t̃k
− Rt̃p

R∗

t̃k
)ZSSSS(t̃k, t̃m, t̃n, t̃p)

]
+ (t → b)

+
∑

q̃

(
λφ0

i
φ0

j
q̃q̃∗XSSS(q̃, q̃, q̃) + λφ0

i
q̃q̃∗λφ0

j
q̃q̃∗ [2YSSSS(q̃, q̃, q̃, q̃) + ZSSSS(q̃, q̃, q̃, q̃)]

)}
. (4.5)

B. Yukawa and related contributions

In this section, I present contributions to the neutral Higgs scalar boson two-loop self energy that involve Yukawa
couplings and the corresponding soft (scalar)3 interactions, as specified in the Introduction.
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The contributions involving charginos and neutralinos are given by:

Π
(2),6

φ0
i
φ0

j

= 2nt

[(
Re[Yttφ0

i
λφ0

j
t̃m t̃∗n

Y ∗

tÑk t̃∗n
Y ∗

tÑk t̃m
]mÑk

MSFSFF (t̃m, t, t̃n, t, Ñk)

+Re[Yttφ0
i
λφ0

j
t̃m t̃∗n

(Y ∗

tÑk t̃∗n
YtÑk t̃∗m

+ Y ∗

tÑk t̃m
YtÑk t̃n

)]mtMSFSFF (t̃n, t, t̃m, t, Ñk)

+Re[Yttφ0
i
λφ0

j t̃m t̃∗n
YtÑk t̃∗m

YtÑk t̃n
]m2

t mÑk
MSFSFF (t̃m, t, t̃n, t, Ñk)

)
+ (i ↔ j)

]
+
(
t → b

)
+
(
t → τ

)
, (4.6)

Π
(2),7

φ0
i
φ0

j

= 2
[
3
(
Re[Yttφ0

i
λφ0

j
b̃m b̃∗n

Y ∗

tC̃k b̃∗n
Y ∗

tC̃k b̃m
]mC̃k

MSFSFF (b̃m, t, b̃n, t, C̃k)

+Re[Yttφ0
i
λφ0

j
b̃mb̃∗n

(Y ∗

tC̃k b̃∗n
YtC̃k b̃∗m

+ Y ∗

tC̃k b̃m
YtC̃k b̃n

)]mtMSFSFF (b̃n, t, b̃m, t, C̃k)

+Re[Yttφ0
i
λφ0

j
b̃mb̃∗n

YtC̃k b̃∗m
YtC̃k b̃n

]m2
t mC̃k

MSFSFF (b̃m, t, b̃n, t, C̃k)
)

+ (t ↔ b)

+Re[Yττφ0
i
λφ0

j
ν̃ν̃∗Y ∗

τC̃kν̃∗
τ

Y ∗

τC̃kν̃τ
]mC̃k

MSFSFF (ν̃τ , τ, ν̃τ , τ, C̃k)

+Re[Yττφ0
i
λφ0

j
ν̃ν̃∗ ](|YτC̃kν̃∗

τ
|2 + |YτC̃kν̃τ

|2)mτMSFSFF (ν̃τ , τ, ν̃τ , τ, C̃k)

+Re[Yττφ0
i
λφ0

j
ν̃ν̃∗YτC̃kν̃∗

τ
Y ∗

τC̃kν̃τ
]m2

τmC̃k
MSFSFF (ν̃τ , τ, ν̃τ , τ, C̃k)

]
+ (i ↔ j), (4.7)

Π
(2),8

φ0
i
φ0

j

= 2nt

{
(|YtÑk t̃∗m

|2 + |YtÑk t̃m
|2)
[
Re[Yttφ0

i
Y ∗

ttφ0
j

]{VFFFFS(t, t, t, Ñk, t̃m) + m2
t VFFFFS(t, t, t, Ñk, t̃m)}

+2Re[Yttφ0
i
Yttφ0

j
]m2

t VFFFFS(t, t, t, Ñk, t̃m)
]

+2mtmÑk

[
Re[Y ∗

ttφ0
i

Y ∗

ttφ0
j

YtÑk t̃∗m
YtÑk t̃m

]VFFFF S(t, t, t, Ñk, t̃m)

+2Re[Yttφ0
i
Y ∗

ttφ0
j

]Re[YtÑk t̃∗m
YtÑk t̃m

]VFFFFS(t, t, t, Ñk, t̃m)

+Re[Yttφ0
i
Yttφ0

j
YtÑk t̃∗m

YtÑk t̃m
]m2

t VF FFFS(t, t, t, Ñk, t̃m)
]}

+ (t → b) + (t → τ), (4.8)

Π
(2),9

φ0
i
φ0

j

= 2nt

[
(|YtC̃k b̃∗m

|2 + |YtC̃k b̃m
|2)
(
Re[Yttφ0

i
Y ∗

ttφ0
j

]{VFFFFS(t, t, t, C̃k, b̃m) + m2
t VFFFFS(t, t, t, C̃k, b̃m)}

+2Re[Yttφ0
i
Yttφ0

j
]m2

t VFFFFS(t, t, t, C̃k, b̃m)
)

+2mtmC̃k

(
Re[Y ∗

ttφ0
i

Y ∗

ttφ0
j

YtC̃k b̃∗m
YtC̃k b̃m

]VFFFFS(t, t, t, C̃k, b̃m)

+2Re[Yttφ0
i
Y ∗

ttφ0
j

]Re[YtC̃k b̃∗m
YtC̃k b̃m

]VFFF FS(t, t, t, C̃k, b̃m)

+Re[Yttφ0
i
Yttφ0

j
YtC̃k b̃∗m

YtC̃k b̃m
]m2

t VFFFFS(t, t, t, C̃k, b̃m)
)]

+
(
t ↔ b

)
+
(
t ↔ τ

)
, (4.9)

Π
(2),10

φ0
i
φ0

j

= nt

{
2Re[λφ0

i
t̃m t̃∗n

λφ0
j
t̃p t̃∗m

(Y ∗

tÑk t̃∗n
YtÑk t̃∗p

+ YtÑk t̃n
Y ∗

tÑk t̃p
)]VSSSFF (t̃m, t̃n, t̃p, t, Ñk)

+2Re[λφ0
i
t̃m t̃∗n

λφ0
j
t̃p t̃∗m

(YtÑkt̃n
YtÑk t̃∗p

+ Y ∗

tÑk t̃p
Y ∗

tÑk t̃∗n
)]mtmÑk

VSSSFF (t̃m, t̃n, t̃p, t, Ñk)

+λφ0
i
φ0

j
t̃m t̃∗n

[(
YtÑk t̃∗m

Y ∗

tÑk t̃∗n
+ Y ∗

tÑk t̃m
YtÑk t̃n

)
WSSFF (t̃m, t̃n, t, Ñk)

+
(
YtÑk t̃∗m

YtÑk t̃n
+ Y ∗

tÑk t̃m
Y ∗

tÑk t̃∗n

)
mtmÑk

WSSF F (t̃m, t̃n, t, Ñk)
]}

+ (t → b) + (t → τ)

+|YνÑkν̃∗ |2
[
2λφ0

i
ν̃ν̃∗λφ0

j
ν̃τ ν̃∗VSSSFF (ν̃τ , ν̃τ , ν̃τ , 0, Ñk) + λφ0

i
φ0

j
ν̃ν̃∗WSSFF (ν̃τ , ν̃τ , 0, Ñk)

]
, (4.10)

Π
(2),11

φ0
i
φ0

j

= 3
{
2Re[λφ0

i
b̃mb̃∗n

λφ0
j
b̃pb̃∗m

(Y ∗

tC̃k b̃∗n
YtC̃k b̃∗p

+ YtC̃k b̃n
Y ∗

tC̃k b̃p
)]VSSSFF (b̃m, b̃n, b̃p, t, C̃k)

+2Re[λφ0
i
b̃mb̃∗n

λφ0
j
b̃pb̃∗m

(YtC̃k b̃n
YtC̃k b̃∗p

+ Y ∗

tC̃k b̃p
Y ∗

tC̃k b̃∗n
)]mtmC̃k

VSSSFF (b̃m, b̃n, b̃p, t, C̃k)

+λφ0
i
φ0

j
b̃mb̃∗n

[(
YtC̃k b̃∗m

Y ∗

tC̃k b̃∗n
+ Y ∗

tC̃k b̃m
YtC̃kb̃n

)
WSSFF (b̃m, b̃n, t, C̃k)

+
(
YtC̃k b̃∗m

YtC̃k b̃n
+ Y ∗

tC̃k b̃m
Y ∗

tC̃k b̃∗n

)
mtmC̃k

WSSFF (b̃m, b̃n, t, C̃k)
]}

+ (t ↔ b)

+2λφ0
i
ν̃ν̃∗λφ0

j
ν̃ν̃∗(|YτC̃kν̃∗

τ
|2 + |YτC̃kν̃τ

|2)VSSSFF (ν̃τ , ν̃τ , ν̃τ , τ, C̃k)

+4λφ0
i
ν̃ν̃∗λφ0

j
ν̃ν̃∗Re[YτC̃kν̃τ

YτC̃kν̃∗
τ
]mτmC̃k

VSSSFF (ν̃τ , ν̃τ , ν̃τ , τ, C̃k)

+λφ0
i
φ0

j
ν̃ν̃∗

[(
|YτC̃kν̃∗

τ
|2 + |YτC̃kν̃τ

|2
)
WSSFF (ν̃τ , ν̃τ , τ, C̃k)
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+2Re[YτC̃kν̃∗
τ
YτC̃kν̃τ

]mτmC̃k
WSSFF (ν̃τ , ν̃τ , τ, C̃k)

]

+2Re[λφ0
i
τ̃mτ̃∗

n
λφ0

j
τ̃pτ̃∗

m
Y ∗

ντ C̃kτ̃∗
n

Yντ C̃kτ̃∗
p
]VSSSFF (τ̃m, τ̃n, τ̃p, 0, C̃k)

+λφ0
i
φ0

j
τ̃mτ̃∗

n
Yντ C̃kτ̃∗

m
Y ∗

ντ C̃kτ̃∗
n

WSSFF (τ̃m, τ̃n, 0, C̃k). (4.11)

The contributions involving virtual Higgs scalar bosons and third-family fermions are:

Π
(2),12

φ0
i
φ0

j

= 4nt

[
Re[Yttφ0

i
Y ∗

ttφ0
j

]|Yttφ0
k
|2{VFFFFS(t, t, t, t, φ0

k) + m2
t VFFFFS(t, t, t, t, φ0

k)}

+2Re[Yttφ0
i
Yttφ0

j
]|Yttφ0

k
|2m2

t VF FFFS(t, t, t, t, φ0
k) + Re[Yttφ0

i
Yttφ0

j
(Y ∗

ttφ0
k

)2]m2
t VF FFFS(t, t, t, t, φ0

k)

+2Re[Yttφ0
i
Y ∗

ttφ0
j

]Re[(Yttφ0
k
)2]m2

t VFFFFS(t, t, t, t, φ0
k) + Re[Yttφ0

i
Yttφ0

j
(Yttφ0

k
)2]m4

t VFFFFS(t, t, t, t, φ0
k)

+Re[Yttφ0
i
Yttφ0

j
(Y ∗

ttφ0
k

)2]MFFFFS(t, t, t, t, φ0
k)/2 + Re[Yttφ0

i
Y ∗

ttφ0
j

]Re[(Yttφ0
k
)2]m2

t MFFFFS(t, t, t, t, φ0
k)

+Re[Yttφ0
i
Y ∗

ttφ0
j

]|Yttφ0
k
|2m2

t MFFFFS(t, t, t, t, φ0
k) + Re[Yttφ0

i
Yttφ0

j
]|Yttφ0

k
|2m2

t MFFFFS(t, t, t, t, φ0
k)

+Re[Yttφ0
i
Yttφ0

j
(Yttφ0

k
)2]m4

t MFFFF S(t, t, t, t, φ0
k)/2

]
+ (t → b) + (t → τ), (4.12)

Π
(2),13

φ0
i
φ0

j

= 6
[
(Y 2

tbφ+

k

+ Y 2
btφ−

k

)
{
Re[Yttφ0

i
Y ∗

ttφ0
j

][VFFFFS(t, t, t, b, φ+
k ) + m2

t VFFFFS(t, t, t, b, φ+
k )]

+2Re[Yttφ0
i
Yttφ0

j
]m2

t VF FFFS(t, t, t, b, φ+
k ) + (t ↔ b)

}

+2Ytbφ+

k
Ybtφ−

k
mtmb

{
Re[Yttφ0

i
Yttφ0

j
][VFFFFS(t, t, t, b, φ+

k ) + m2
t VF FFFS(t, t, t, b, φ+

k )]

+2Re[Yttφ0
i
Y ∗

ttφ0
j

]VFFFF S(t, t, t, b, φ+
k ) + (t ↔ b)

}]

+2Y 2
τντ φ−

k

{
Re[Yττφ0

i
Y ∗

ττφ0
j
][VFFFFS(τ, τ, τ, 0, φ+

k ) + m2
τVFFFFS(τ, τ, τ, 0, φ+

k )]

+2Re[Yττφ0
i
Yττφ0

j
]m2

τVF FFFS(τ, τ, τ, 0, φ+
k )
}
, (4.13)

Π
(2),14

φ0
i
φ0

j

= 6
[
(Y 2

tbφ+

k

+ Y 2
btφ−

k

)mtmb

{
Re[Yttφ0

i
Y ∗

bbφ0
j

]MFFFFS(b, t, b, t, φ+
k ) + Re[Yttφ0

i
Ybbφ0

j
]MFFFFS(t, b, t, b, φ+

k )
}

+Ytbφ+

k
Ybtφ−

k

{
Re[Yttφ0

i
Ybbφ0

j
][MFFFFS(t, b, t, b, φ+

k ) + m2
t m

2
bMF FFFS(t, b, t, b, φ+

k )]

+Re[Yttφ0
i
Y ∗

bbφ0
j

][m2
t MFFFFS(b, t, b, t, φ+

k ) + m2
bMFFFFS(t, b, t, b, φ+

k )]
}]

+ (i ↔ j). (4.14)

Contributions involving virtual Higgs scalar bosons and third-family sfermions are:

Π
(2),15

φ0
i
φ0

j

= nt̃

[
λφ0

i
t̃m t̃∗p

λφ0
j
t̃q t̃∗n

λφ0
k
t̃p t̃∗q

λφ0
k
t̃n t̃∗m

MSSSSS(t̃m, t̃n, t̃p, t̃q, φ
0
k) + λφ0

i
φ0

k
t̃m t̃∗n

λφ0
j
φ0

k
t̃n t̃∗m

SSSS(φ0
k, t̃m, t̃n)

+2Re[λφ0
i
t̃m t̃∗n

λφ0
j
t̃p t̃∗m

λφ0
k
t̃n t̃∗q

λφ0
k
t̃q t̃∗p

]VSSSSS(t̃m, t̃n, t̃p, t̃q, φ
0
k)

+2Re[(λφ0
i
t̃m t̃∗n

λφ0
j
φ0

k
t̃p t̃∗m

+ λφ0
j
t̃m t̃∗n

λφ0
i
φ0

k
t̃pt̃∗m

)λφ0
k
t̃n t̃∗p

]USSSS(t̃m, t̃n, t̃p, φ
0
k)

+λφ0
i
φ0

j
t̃m t̃∗n

λφ0
k
t̃n t̃∗p

λφ0
k
t̃pt̃∗m

WSSSS(t̃m, t̃n, t̃p, φ
0
k) +

1

2
λφ0

i
φ0

j
t̃m t̃∗n

λφ0
k
φ0

k
t̃n t̃∗m

XSSS(t̃m, t̃n, φ0
k)

+Re[λφ0
i
t̃m t̃∗n

λφ0
j
t̃p t̃∗m

λφ0
k
φ0

k
t̃n t̃∗p

]YSSSS(t̃m, t̃n, t̃p, φ
0
k)
]

+ (t̃ → b̃) + (t̃ → τ̃ ) + (t̃ → ν̃τ ), (4.15)

Π
(2),16

φ0
i
φ0

j

= nt̃

[
(λφ0

i
t̃m t̃∗p

λφ0
j
b̃q b̃∗n

+ λφ0
j
t̃m t̃∗p

λφ0
i
b̃q b̃∗n

)λφ+

k
b̃n t̃∗m

λ∗

φ+

k
b̃q t̃∗p

MSSSSS(t̃m, b̃n, t̃p, b̃q, φ
+
k )

+2Re[λφ0
i
t̃m t̃∗n

λφ0
j
t̃p t̃∗m

λ∗

φ+

k
b̃q t̃∗n

λφ+

k
b̃q t̃∗p

]VSSSSS(t̃m, t̃n, t̃p, b̃q, φ
+
k )

+2Re[λφ0
i
b̃m b̃∗n

λφ0
j
b̃pb̃∗m

λ∗

φ+

k
b̃p t̃∗q

λφ+

k
b̃n t̃∗q

]VSSSSS(b̃m, b̃n, b̃p, t̃q, φ
+
k )

+2Re[(λφ0
i
t̃m t̃∗n

λφ0
j
φ+

k
b̃p t̃∗m

+ λφ0
j
t̃m t̃∗n

λφ0
i
φ+

k
b̃p t̃∗m

)λ∗

φ+

k
b̃p t̃∗n

]USSSS(t̃m, t̃n, b̃p, φ
+
k )

+2Re[(λφ0
i
b̃mb̃∗n

λ∗

φ0
j
φ+

k
b̃m t̃∗p

+ λφ0
j
b̃m b̃∗n

λ∗

φ0
i
φ+

k
b̃m t̃∗p

)λφ+

k
b̃n t̃∗p

]USSSS(b̃m, b̃n, t̃p, φ
+
k )

+λφ0
i
φ0

j
t̃m t̃∗n

λφ+

k
b̃p t̃∗m

λ∗

φ+

k
b̃p t̃∗n

WSSSS(t̃m, t̃n, b̃p, φ
+
k ) + λφ0

i
φ0

j
b̃mb̃∗n

λφ+

k
b̃nt̃∗p

λ∗

φ+

k
b̃m t̃∗p

WSSSS(b̃m, b̃n, t̃p, φ
+
k )

+λφ0
i
φ0

j
t̃m t̃∗n

λφ+

k
φ−

k
t̃nt̃∗m

XSSS(t̃m, t̃n, φ+
k ) + 2Re[λφ0

i
t̃m t̃∗n

λφ0
j
t̃p t̃∗m

λφ+

k
φ−

k
t̃n t̃∗p

]YSSSS(t̃m, t̃n, t̃p, φ
+
k )

+λφ0
i
φ0

j
b̃m b̃∗n

λφ+

k
φ−

k
b̃n b̃∗m

XSSS(b̃m, b̃n, φ+
k ) + 2Re[λφ0

i
b̃mb̃∗n

λφ0
j
b̃pb̃∗m

λφ+

k
φ−

k
b̃nb̃∗p

]YSSSS(b̃m, b̃n, b̃p, φ
+
k )
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+2Re[λφ0
i
φ+

k
b̃m t̃∗n

λ∗

φ0
j
φ+

k
b̃m t̃∗n

]SSSS(φ+
k , b̃m, t̃n)

]
+ (t̃ → ν̃τ , b̃ → τ̃ ). (4.16)

Finally, the contributions involving only virtual sfermions are given by:

Π
(2),17

φ0
i
φ0

j

= λφ0
i
φ0

j
f̃k f̃∗

m
[nf̃k

nf̃n
λf̃m f̃∗

k
f̃nf̃∗

n
+ nf̃k

λf̃m f̃∗
n f̃nf̃∗

k
]XSSS(f̃k, f̃m, f̃n)

+2Re[λφ0
i
f̃kf̃∗

m
λφ0

j
f̃nf̃∗

k
(nf̃k

nf̃p
λf̃m f̃∗

nf̃p f̃∗
p

+ nf̃k
λf̃m f̃∗

p f̃pf̃∗
n
)]YSSSS(f̃k, f̃m, f̃n, f̃p)

+λφ0
i
f̃k f̃∗

m
λφ0

j
f̃nf̃∗

p
(nf̃k

nf̃n
λf̃m f̃∗

k
f̃pf̃∗

n
+ nf̃k

λf̃m f̃∗
nf̃pf̃∗

k
)ZSSSS(f̃k, f̃m, f̃n, f̃p). (4.17)

This expression includes the contributions for the sfermions of the first two families, which only have gauge interactions.
In the numerical results of section VI, only the third-family sfermion contributions from eq. (4.17) are included.

V. TWO-LOOP CONTRIBUTIONS TO CHARGED HIGGS SCALAR BOSON SELF-ENERGIES

In this section, I present analytical formulas for two-loop contributions to the charged Higgs scalar boson self-

energies, as specified in the Introduction. They are labeled in the form Π
(2),N

φ+

i
φ−

j

, where N is the equation number.

A. Strong contributions

The contributions to the two-loop charged Higgs scalar boson self-energy involving the gluon are:

Π
(2),1

φ+

i
φ−

j

= 4g2
3

(
[Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
]GFF (t, b) + [Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
]mtmbGF F (t, b)

+λφ+

i
b̃k t̃∗m

λ∗

φ+

j b̃k t̃∗m
GSS(b̃k, t̃m) + λφ+

i
φ−

j
t̃k t̃∗

k
WSSSV (t̃k, t̃k, t̃k, 0) + λφ+

i
φ−

j
b̃k b̃∗

k
WSSSV (b̃k, b̃k, b̃k, 0)

+λφ+

i
d̃Lũ∗

L
λφ+

j
d̃Lũ∗

L
[GSS(d̃L, ũL) + GSS(s̃L, c̃L)] +

∑

q̃

λφ+

i
φ−

j
q̃q̃∗WSSSV (q̃, q̃, q̃, 0)

)
. (5.1)

The contributions involving the gluino are:

Π
(2),2

φ+

i
φ−

j

= 8g2
3λφ+

i
b̃k t̃∗m

{
(Ybtφ−

j
Rt̃m

R∗

b̃k
+ Ytbφ+

j
Lt̃m

L∗

b̃k
)mtMSFSFF (b̃k, b, t̃m, t, g̃)

+(Ybtφ−

j
Lt̃m

L∗

b̃k
+ Ytbφ+

j
Rt̃m

R∗

b̃k
)mbMSFSFF (t̃m, t, b̃k, b, g̃)

−(Ybtφ−

j
Lt̃m

R∗

b̃k
+ Ytbφ+

j
Rt̃m

L∗

b̃k
)mg̃MSFSFF (b̃k, b, t̃m, t, g̃)

−(Ybtφ−

j
Rt̃m

L∗

b̃k
+ Ytbφ+

j
Lt̃m

R∗

b̃k
)mbmtmg̃MSFSFF (b̃k, b, t̃m, t, g̃)

}
+ (i ↔ j)∗, (5.2)

Π
(2),3

φ+

i
φ−

j

= 8g2
3

{
(Ytbφ+

i
Ytbφ+

j
|Lb̃k

|2 + Ybtφ−

i
Ybtφ−

j
|Rb̃k

|2)VFFFFS(t, b, b, g̃, b̃k)

+(Ytbφ+

i
Ytbφ+

j
|Rb̃k

|2 + Ybtφ−

i
Ybtφ−

j
|Lb̃k

|2)m2
bVFF FFS(t, b, b, g̃, b̃k)

+(Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
)mtmbVFFFFS(t, b, b, g̃, b̃k)

−2(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)Re[Lb̃k

R∗

b̃k
]mbmg̃VFFFFS(t, b, b, g̃, b̃k)

−(Ytbφ+

i
Ybtφ−

j
Lb̃k

R∗

b̃k
+ Ybtφ−

i
Ytbφ+

j
Rb̃k

L∗

b̃k
)mtmg̃VFFFFS(t, b, b, g̃, b̃k)

−(Ytbφ+

i
Ybtφ−

j
Rb̃k

L∗

b̃k
+ Ybtφ−

i
Ytbφ+

j
Lb̃k

R∗

b̃k
)m2

bmtmg̃VFFFFS(t, b, b, g̃, b̃k)
}

+ (t ↔ b, φ+ ↔ φ−), (5.3)

Π
(2),4

φ+

i
φ−

j

= 8g2
3

{[
λφ+

i
φ−

j
t̃k t̃∗

k
WSSFF (t̃k, t̃k, t, g̃) − λφ+

i
φ−

j
t̃k t̃∗m

[L∗

t̃k
Rt̃m

+ R∗

t̃k
Lt̃m

]mtmg̃WSSF F (t̃k, t̃m, t, g̃)
]

+(t → b) + λφ+

i
b̃k t̃∗m

λ∗

φ+

j
b̃k t̃∗m

[VSSSFF (b̃k, t̃m, t̃m, t, g̃) + VSSSFF (t̃m, b̃k, b̃k, b, g̃)]

−λφ+

i
b̃k t̃∗m

λ∗

φ+

j
b̃k t̃∗n

(Lt̃m
R∗

t̃n
+ Rt̃m

L∗

t̃n
)mtmg̃VSSSF F (b̃k, t̃m, t̃n, t, g̃)

−λφ+

i
b̃m t̃∗

k
λ∗

φ+

j
b̃n t̃∗

k

(L∗

b̃m
Rb̃n

+ R∗

b̃m
Lb̃n

)mbmg̃VSSSFF (t̃k, b̃m, b̃n, b, g̃)



13

+
∑

q̃

λφ+

i
φ−

j
q̃q̃∗WSSFF (q̃, q̃, 0, g̃) + λφ+

i
d̃Lũ∗

L
λφ+

j
d̃Lũ∗

L
[VSSSFF (ũL, d̃L, d̃L, 0, g̃)

+VSSSFF (d̃L, ũL, ũL, 0, g̃) + VSSSFF (c̃L, s̃L, s̃L, 0, g̃) + VSSSFF (s̃L, c̃L, c̃L, 0, g̃)]
}

. (5.4)

In eq. (5.2) and in the following, the symbol (i ↔ j)∗ means the preceding expression with i and j interchanged, and
with complex conjugation applied to all of the couplings but not to the loop-integral functions.

The contributions involving squark-antisquark-squark-antisquark couplings proportional to g2
3 are:

Π
(2),5

φ+

i
φ−

j

= 4g2
3

[
λφ+

i
φ−

j
t̃k t̃∗m

(L∗

t̃k
Lt̃n

− R∗

t̃k
Rt̃n

)(Lt̃m
L∗

t̃n
− Rt̃m

R∗

t̃n
)XSSS(t̃k, t̃m, t̃n) + (t → b)

+λφ+

i
b̃m t̃∗

k
λ∗

φ+

j
b̃n t̃∗

k

(L∗

b̃m
Lb̃p

− R∗

b̃m
Rb̃p

)(Lb̃n
L∗

b̃p
− Rb̃n

R∗

b̃p
)YSSSS(t̃k, b̃m, b̃n, b̃p)

+λφ+

i
b̃k t̃∗m

λ∗

φ+

j
b̃k t̃∗n

(Lt̃m
L∗

t̃p
− Rt̃m

R∗

t̃p
)(L∗

t̃n
Lt̃p

− R∗

t̃n
Rt̃p

)YSSSS(b̃k, t̃m, t̃n, t̃p)

+λφ+

i
b̃k t̃∗m

λ∗

φ+

j
b̃n t̃∗p

(L∗

b̃k
Lb̃n

− R∗

b̃k
Rb̃n

)(L∗

t̃p
Lt̃m

− R∗

t̃p
Rt̃m

)ZSSSS(b̃k, t̃m, b̃n, t̃p)

+
∑

q̃

λφ+

i
φ−

j
q̃q̃∗XSSS(q̃, q̃, q̃) + λφ+

i
d̃Lũ∗

L
λφ+

j
d̃Lũ∗

L
[YSSSS(ũL, d̃L, d̃L, d̃L) + YSSSS(d̃L, ũL, ũL, ũL)

+YSSSS(c̃L, s̃L, s̃L, s̃L) + YSSSS(s̃L, c̃L, c̃L, c̃L) + ZSSSS(d̃L, ũL, d̃L, ũL) + ZSSSS(s̃L, c̃L, s̃L, c̃L)]
]
. (5.5)

B. Yukawa and related contributions

In this subsection, I present two-loop contributions to the charged Higgs scalar boson self-energies that involve
Yukawa couplings and (scalar)3 couplings, as specified in the Introduction.

Contributions involving neutralinos and charginos are given by:

Π
(2),6

φ+

i
φ−

j

= 3λφ+

i
b̃m t̃∗

k

{
(Ybtφ−

j
Y ∗

tÑn t̃∗
k

Y ∗

bÑnb̃m
+ Ytbφ+

j
YtÑnt̃k

YbÑnb̃∗m
)mÑn

MSFSFF (t̃k, t, b̃m, b, Ñn)

+(Ybtφ−

j
Y ∗

tÑn t̃∗
k

YbÑn b̃∗m
+ Ytbφ+

j
YtÑnt̃k

Y ∗

bÑnb̃m
)mbMSFSFF (t̃k, t, b̃m, b, Ñn)

+(Ybtφ−

j
YtÑn t̃k

Y ∗

bÑnb̃m
+ Ytbφ+

j
Y ∗

tÑn t̃∗
k

YbÑn b̃∗m
)mtMSFSFF (b̃m, b, t̃k, t, Ñn)

+(Ybtφ−

j
YbÑn b̃∗m

YtÑnt̃k
+ Ytbφ+

j
Y ∗

tÑn t̃∗
k

Y ∗

bÑnb̃m
)mbmtmÑn

MSFSFF (t̃k, t, b̃m, b, Ñn)
}

+λφ+

i
τ̃mν∗

τ
Yτντ φ−

j
Y ∗

ντ Ñnν̃∗
τ

[
Y ∗

τÑnτ̃m
mÑn

MSFSFF (ν̃τ , 0, τ̃m, τ, Ñn)

+YτÑnτ̃∗
m

mτMSFSFF (ν̃τ , 0, τ̃m, τ, Ñn)
]
+ (i ↔ j)∗, (5.6)

Π
(2),7

φ+

i
φ−

j

= 3
{
(Ytbφ+

i
Ytbφ+

j
|YbÑk b̃∗m

|2 + Ybtφ−

i
Ybtφ−

j
|YbÑk b̃m

|2)VFFFFS(t, b, b, Ñk, b̃m)

+(Ytbφ+

i
Ytbφ+

j
|YbÑk b̃m

|2 + Ybtφ−

i
Ybtφ−

j
|YbÑk b̃∗m

|2)m2
bVFFFFS(t, b, b, Ñk, b̃m)

+(Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
)(|YbÑk b̃∗m

|2 + |YbÑk b̃m
|2)mbmtVFFFFS(t, b, b, Ñk, b̃m)

+(Ytbφ+

i
Ybtφ−

j
Y ∗

bÑk b̃∗m
Y ∗

bÑk b̃m
+ Ybtφ−

i
Ytbφ+

j
YbÑk b̃m

YbÑk b̃∗m
)mtmÑk

VF FFFS(t, b, b, Ñk, b̃m)

+2(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)Re[YbÑk b̃∗m

YbÑk b̃m
]mbmÑk

VFFFFS(t, b, b, Ñk, b̃m)

+(Ytbφ+

i
Ybtφ−

j
YbÑk b̃∗m

YbÑk b̃m
+ Ybtφ−

i
Ytbφ+

j
Y ∗

bÑk b̃m
Y ∗

bÑk b̃∗m
)m2

bmtmÑk
VFFFFS(t, b, b, Ñk, b̃m)

}

+(t ↔ b, φ+ ↔ φ−)∗ + Yτντ φ−

i
Yτντ φ−

j

{
|YτÑkτ̃m

|2VFFFFS(0, τ, τ, Ñk, τ̃m)

+|YτÑkτ̃∗
m
|2m2

τVFF FFS(0, τ, τ, Ñk, τ̃m) + 2Re[YτÑkτ̃∗
m

YτÑkτ̃m
]mτmÑk

VFFFFS(0, τ, τ, Ñk, τ̃m)

+|Yντ Ñkν̃∗
τ
|2VFFFFS(τ, 0, 0, Ñk, ν̃τ )

}
, (5.7)

Π
(2),8

φ+

i
φ−

j

= 3
{
(Ytbφ+

i
Ytbφ+

j
|YbC̃k t̃∗m

|2 + Ybtφ−

i
Ybtφ−

j
|YbC̃k t̃m

|2)VFFFFS(t, b, b, C̃k, t̃m)

+(Ytbφ+

i
Ytbφ+

j
|YbC̃k t̃m

|2 + Ybtφ−

i
Ybtφ−

j
|YbC̃k t̃∗m

|2)m2
bVFFFFS(t, b, b, C̃k, t̃m)
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+(Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
)(|YbC̃k t̃∗m

|2 + |YbC̃kt̃m
|2)mbmtVFFFFS(t, b, b, C̃k, t̃m)

+(Ytbφ+

i
Ybtφ−

j
Y ∗

bC̃k t̃∗m
Y ∗

bC̃k t̃m
+ Ybtφ−

i
Ytbφ+

j
YbC̃k t̃m

YbC̃k t̃∗m
)mtmC̃k

VFFFF S(t, b, b, C̃k, t̃m)

+2(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)Re[YbC̃k t̃∗m

YbC̃k t̃m
]mbmC̃k

VFFF FS(t, b, b, C̃k, t̃m)

+(Ytbφ+

i
Ybtφ−

j
YbC̃k t̃∗m

YbC̃k t̃m
+ Ybtφ−

i
Ytbφ+

j
Y ∗

bC̃k t̃m
Y ∗

bC̃k t̃∗m
)m2

bmtmC̃k
VF FFFS(t, b, b, C̃k, t̃m)

}

+(t ↔ b, φ+ ↔ φ−)∗ + Yτντ φ−

i
Yτντ φ−

j

{
|YτC̃kν̃τ

|2VFFFFS(0, τ, τ, C̃k, ν̃τ )

+|YτC̃kν̃∗
τ
|2m2

τVFF FFS(0, τ, τ, C̃k, ν̃τ ) + 2Re[YτC̃kν̃∗
τ
YτC̃kν̃τ

]mτmC̃k
VFFFFS(0, τ, τ, C̃k, ν̃τ )

+|Yντ C̃kτ̃∗
m
|2VFFFFS(τ, 0, 0, C̃k, τ̃m)

}
, (5.8)

Π
(2),9

φ+

i
φ−

j

= ntλφ+

i
φ−

j
t̃m t̃∗n

[(
YtÑk t̃∗m

Y ∗

tÑk t̃∗n
+ Y ∗

tÑk t̃m
YtÑk t̃n

)
WSSFF (t̃m, t̃n, t, Ñk)

+
(
YtÑk t̃∗m

YtÑk t̃n
+ Y ∗

tÑk t̃m
Y ∗

tÑk t̃∗n

)
mtmÑk

WSSFF (t̃m, t̃n, t, Ñk)
]

+ (t → b) + (t → τ)

+λφ+

i
φ−

j
ν̃τ ν̃∗

τ
|Yντ Ñkν̃∗

τ
|2WSSFF (ν̃τ , ν̃τ , 0, Ñk), (5.9)

Π
(2),10

φ+

i
φ−

j

= 3
{
λφ+

i
b̃m t̃∗n

λ∗

φ+

j
b̃m t̃∗p

[(Y ∗

tÑk t̃∗n
YtÑk t̃∗p

+ YtÑk t̃n
Y ∗

tÑk t̃p
)VSSSFF (b̃m, t̃n, t̃p, t, Ñk)

+(Y ∗

tÑk t̃∗n
Y ∗

tÑk t̃p
+ YtÑkt̃n

YtÑk t̃∗p
)mtmÑk

VSSSFF (b̃m, t̃n, t̃p, t, Ñk)]

+λφ+

i
b̃n t̃∗m

λ∗

φ+

j
b̃p t̃∗m

[(YbÑk b̃∗n
Y ∗

bÑk b̃∗p
+ Y ∗

bÑk b̃n
YbÑkb̃p

)VSSSFF (t̃m, b̃n, b̃p, b, Ñk)

+(YbÑk b̃∗n
YbÑk b̃p

+ Y ∗

bÑk b̃n
Y ∗

bÑk b̃∗p
)mbmÑk

VSSSFF (t̃m, b̃n, b̃p, b, Ñk)]
}

+λφ+

i
τ̃nν̃∗

τ
λ∗

φ+

j
τ̃pν̃∗

τ

[(YτÑkτ̃∗
n
Y ∗

τÑkτ̃∗
p

+ Y ∗

τÑkτ̃n
YτÑkτ̃p

)VSSSFF (ν̃τ , τ̃n, τ̃p, τ, Ñk)

+(YτÑkτ̃∗
n
YτÑkτ̃p

+ Y ∗

τÑkτ̃n
Y ∗

τÑkτ̃∗
p

)mτmÑk
VSSSFF (ν̃τ , τ̃n, τ̃p, τ, Ñk)]

+λφ+

i
τ̃mν̃∗

τ
λ∗

φ+

j
τ̃mν̃∗

τ

|Yντ Ñkν̃∗
τ
|2VSSSFF (τ̃m, ν̃τ , ν̃τ , 0, Ñk), (5.10)

Π
(2),11

φ+

i
φ−

j

= 3
{
λφ+

i
φ−

j
b̃mb̃∗n

[(
YtC̃k b̃∗m

Y ∗

tC̃k b̃∗n
+ Y ∗

tC̃k b̃m
YtC̃k b̃n

)
WSSFF (b̃m, b̃n, t, C̃k)

+
(
YtC̃k b̃∗m

YtC̃k b̃n
+ Y ∗

tC̃k b̃m
Y ∗

tC̃k b̃∗n

)
mtmC̃k

WSSFF (b̃m, b̃n, t, C̃k)
]}

+ (t ↔ b)

+λφ+

i
φ−

j
ν̃τ ν̃∗

τ

[(
|YτC̃kν̃∗

τ
|2 + |YτC̃kν̃τ

|2
)
WSSFF (ν̃τ , ν̃τ , τ, C̃k)

+2Re[YτC̃kν̃∗
τ
YτC̃kν̃τ

]mτmC̃k
WSSFF (ν̃τ , ν̃τ , τ, C̃k)

]

+λφ+

i
φ−

j
τ̃mτ̃∗

n
Yντ C̃kτ̃∗

m
Y ∗

ντ C̃kτ̃∗
n

WSSFF (τ̃m, τ̃n, 0, C̃k), (5.11)

Π
(2),12

φ+

i
φ−

j

= 3
{
λφ+

i
b̃m t̃∗n

λ∗

φ+

j
b̃m t̃∗p

[(Y ∗

bC̃k t̃∗n
YbC̃k t̃∗p

+ YbC̃k t̃n
Y ∗

bC̃k t̃p
)VSSSFF (b̃m, t̃n, t̃p, b, C̃k)

+(YbC̃k t̃n
YbC̃k t̃∗p

+ Y ∗

bC̃k t̃∗n
Y ∗

bC̃k t̃p
)mbmC̃k

VSSSFF (b̃m, t̃n, t̃p, b, C̃k)]

+λφ+

i
b̃n t̃∗m

λ∗

φ+

j
b̃p t̃∗m

[(YtC̃k b̃∗n
Y ∗

tC̃k b̃∗p
+ Y ∗

tC̃k b̃n
YtC̃k b̃p

)VSSSFF (t̃m, b̃n, b̃p, t, C̃k)

+(YtC̃k b̃∗n
YtC̃k b̃p

+ Y ∗

tC̃k b̃n
Y ∗

tC̃k b̃∗p
)mtmC̃k

VSSSFF (t̃m, b̃n, b̃p, t, C̃k)]
}

+λφ+

i
τ̃mν̃∗

τ
λ∗

φ+

j
τ̃mν̃∗

τ

[(|YτC̃kν̃∗
τ
|2 + |YτC̃kν̃τ

|2)VSSSFF (τ̃m, ν̃τ , ν̃τ , τ, C̃k)

+2Re[YτC̃kν̃τ
YτC̃kν̃∗

τ
]mτmC̃k

VSSSFF (τ̃m, ν̃τ , ν̃τ , τ, C̃k)]

+λφ+

i
τ̃nν̃∗

τ
λ∗

φ+

j
τ̃pν̃∗

τ

Yντ C̃kτ̃∗
n
Y ∗

ντ C̃kτ̃∗
p

VSSSFF (ν̃τ , τ̃n, τ̃p, 0, C̃k). (5.12)

Contributions involving virtual Higgs scalar bosons and third-family fermions are:

Π
(2),13

φ+

i
φ−

j

= 3
{
(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)|Yttφ0

k
|2[VFFFFS(b, t, t, t, φ0

k) + m2
t VFFFFS(b, t, t, t, φ0

k)]

+2(Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
)|Yttφ0

k
|2mbmtVF FFFS(b, t, t, t, φ0

k)
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+[Ytbφ+

i
Ybtφ−

j
(Y ∗

ttφ0
k

)2 + Ybtφ−

i
Ytbφ+

j
(Yttφ0

k
)2]mbmtVF FFFS(b, t, t, t, φ0

k)

+2[Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
]Re[(Yttφ0

k
)2]m2

t VFFF FS(b, t, t, t, φ0
k)

+[Ytbφ+

i
Ybtφ−

j
(Yttφ0

k
)2 + Ybtφ−

i
Ytbφ+

j
(Y ∗

ttφ0
k

)2]mbm
3
t VF FFFS(b, t, t, t, φ0

k)
}

+ (t ↔ b, φ+ ↔ φ−)∗

+Yτντ φ−

i
Yτντ φ−

j
|Yττφ0

k
|2[VFFFFS(0, τ, τ, τ, φ0

k) + m2
τVFFFFS(0, τ, τ, τ, φ0

k)]

+2Yτντ φ−

i
Yτντ φ−

j
Re[(Yττφ0

k
)2]m2

τVFFFFS(0, τ, τ, τ, φ0
k), (5.13)

Π
(2),14

φ+

i φ−

j

= 3
{
[Ytbφ+

i
Ytbφ+

j
Y 2

tbφ+

k

+ Ybtφ−

i
Ybtφ−

j
Y 2

btφ−

k

]VFFFFS(t, b, b, t, φ+
k )

+[Ytbφ+

i
Ytbφ+

j
Y 2

btφ−

k

+ Ybtφ−

i
Ybtφ−

j
Y 2

tbφ+

k

]m2
bVFFFFS(t, b, b, t, φ+

k )

+[Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
][Y 2

tbφ+

k

+ Y 2
btφ−

k

]mbmtVFFFFS(t, b, b, t, φ+
k )

+[Ytbφ+

i
Ybtφ−

j
+ Ybtφ−

i
Ytbφ+

j
]Ytbφ+

k
Ybtφ−

k
m2

t [VFFFF S(t, b, b, t, φ+
k ) + m2

bVF FFFS(t, b, b, t, φ+
k )]

+2[Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
]Ytbφ+

k

Ybtφ−

k

mbmtVFFFFS(t, b, b, t, φ+
k )
}

+ (t ↔ b, φ+ ↔ φ−)

+Yτντ φ−

i
Yτντ φ−

j
Y 2

τντ φ−

k

[VFFFFS(0, τ, τ, 0, φ+
k ) + VFFFFS(τ, 0, 0, τ, φ+

k )], (5.14)

Π
(2),15

φ+

i
φ−

j

= 3
{
(Ytbφ+

i
Ybtφ−

j
Y ∗

ttφ0
k

Y ∗

bbφ0
k

+ Ybtφ−

i
Ytbφ+

j
Yttφ0

k
Ybbφ0

k
)MFFFFS(t, t, b, b, φ0

k)

+2(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)Re[Yttφ0

k
Ybbφ0

k
]mbmtMFFFFS(t, t, b, b, φ0

k)

+2(Ytbφ+

i
Ytbφ+

j
+ Ybtφ−

i
Ybtφ−

j
)Re[Yttφ0

k
Y ∗

bbφ0
k

]mbmtMFFFFS(t, t, b, b, φ0
k)

+(Ytbφ+

i
Ybtφ−

j
Y ∗

ttφ0
k

Ybbφ0
k

+ Ybtφ−

i
Ytbφ+

j
Yttφ0

k
Y ∗

bbφ0
k

)m2
bMFFFFS(t, t, b, b, φ0

k)

+(Ytbφ+

i
Ybtφ−

j
Yttφ0

k
Y ∗

bbφ0
k

+ Ybtφ−

i
Ytbφ+

j
Y ∗

ttφ0
k

Ybbφ0
k
)m2

t MFFFFS(b, b, t, t, φ0
k)

+(Ytbφ+

i
Ybtφ−

j
Yttφ0

k
Ybbφ0

k
+ Ybtφ−

i
Ytbφ+

j
Y ∗

ttφ0
k

Y ∗

bbφ0
k

)m2
bm

2
t MFFFFS(t, t, b, b, φ0

k)
}
. (5.15)

Contributions involving virtual Higgs scalars and third-family sfermions are:

Π
(2),16

φ+

i
φ−

j

= nt̃

{(
λφ+

i
b̃nt̃∗m

[λφ+

k
φ−

j
t̃m t̃∗p

λ∗

φ+

k
b̃nt̃∗p

USSSS(t̃m, b̃n, t̃p, φ
+
k ) + λ∗

φ0
k
φ+

j b̃p t̃∗m
λφ0

k
b̃pb̃∗n

USSSS(t̃m, b̃n, b̃p, φ
0
k)]

+λφ+

i
b̃m t̃∗n

[λφ+

k
φ−

j
b̃pb̃∗m

λ∗

φ+

k
b̃p t̃∗n

USSSS(b̃m, t̃n, b̃p, φ
+
k ) + λ∗

φ0
k
φ+

j b̃m t̃∗p
λφ0

k
t̃n t̃∗p

USSSS(b̃m, t̃n, t̃p, φ
0
k)]
)

+(i ↔ j)∗ + λφ+

i
φ−

k
t̃m t̃∗n

λφ+

k
φ−

j
t̃n t̃∗m

SSSS(φ+
k , t̃m, t̃n) + λφ+

i
φ−

k
b̃mb̃∗n

λφ+

k
φ−

j
b̃n b̃∗m

SSSS(φ+
k , b̃m, b̃n)

+λφ0
k
φ+

i
b̃m t̃∗n

λ∗

φ0
k
φ+

j
b̃m t̃∗n

SSSS(φ0
k, b̃m, t̃n) + λφ+

i
b̃m t̃∗p

λ∗

φ+

j
b̃n t̃∗q

λφ0
k
b̃n b̃∗m

λφ0
k
t̃p t̃∗q

MSSSSS(b̃m, b̃n, t̃p, t̃q, φ
0
k)

+λφ+

i
φ−

j
t̃m t̃∗n

[
λφ0

k
t̃nt̃∗p

λφ0
k
t̃p t̃∗m

WSSSS(t̃m, t̃n, t̃p, φ
0
k) + λφ+

k
b̃p t̃∗m

λ∗

φ+

k
b̃p t̃∗n

WSSSS(t̃m, t̃n, b̃p, φ
+
k )

+λφ0
k
φ0

k
t̃n t̃∗m

XSSS(t̃m, t̃n, φ0
k)/2 + λφ+

k
φ−

k
t̃n t̃∗m

XSSS(t̃m, t̃n, φ+
k )
]

+λφ+

i
φ−

j
b̃m b̃∗n

[
λφ0

k
b̃n b̃∗p

λφ0
k
b̃pb̃∗m

WSSSS(b̃m, b̃n, b̃p, φ
0
k) + λφ+

k
b̃n t̃∗p

λ∗

φ+

k
b̃m t̃∗p

WSSSS(b̃m, b̃n, t̃p, φ
+
k )

+λφ0
k
φ0

k
b̃n b̃∗m

XSSS(b̃m, b̃n, φ0
k)/2 + λφ+

k
φ−

k
b̃n b̃∗m

XSSS(b̃m, b̃n, φ+
k )
]

+λφ+

i
b̃n t̃∗m

λ∗

φ+

j
b̃p t̃∗m

[
λφ0

k
b̃pb̃∗q

λφ0
k
b̃q b̃∗n

VSSSSS(t̃m, b̃n, b̃p, b̃q, φ
0
k) + λφ+

k
b̃p t̃∗q

λ∗

φ+

k
b̃n t̃∗q

VSSSSS(t̃m, b̃n, b̃p, t̃q, φ
+
k )

+λφ0
k
φ0

k
b̃pb̃∗n

YSSSS(t̃m, b̃n, b̃p, φ
0
k)/2 + λφ+

k
φ−

k
b̃pb̃∗n

YSSSS(t̃m, b̃n, b̃p, φ
+
k )
]

+λφ+

i
b̃m t̃∗n

λ∗

φ+

j
b̃m t̃∗p

[
λφ0

k
t̃n t̃∗q

λφ0
k
t̃q t̃∗p

VSSSSS(b̃m, t̃n, t̃p, t̃q, φ
0
k) + λφ+

k
b̃q t̃∗p

λ∗

φ+

k
b̃q t̃∗n

VSSSSS(b̃m, t̃n, t̃p, b̃q, φ
+
k )

+λφ0
k
φ0

k
t̃n t̃∗p

YSSSS(b̃m, t̃n, t̃p, φ
0
k)/2 + λφ+

k
φ−

k
t̃n t̃∗p

YSSSS(b̃m, t̃n, t̃p, φ
+
k )
]}

+ (t̃ → ν̃τ , b̃ → τ̃). (5.16)

Finally, contributions involving only virtual sfermions are given by:

Π
(2),17

φ+

i
φ−

j

= λφ+

i
φ−

j
f̃k f̃∗

m
(nf̃k

nf̃n
λf̃m f̃∗

k
f̃nf̃∗

n
+ nf̃k

λf̃m f̃∗
nf̃nf̃∗

k
)XSSS(f̃k, f̃m, f̃n)

+(λφ+

i
f̃kf̃∗

m
λ∗

φ+

j
f̃k f̃∗

n

+ λφ+

i
f̃nf̃∗

k
λ∗

φ+

j
f̃m f̃∗

k

)(nf̃k
nf̃p

λf̃m f̃∗
nf̃p f̃∗

p
+ nf̃k

λf̃mf̃∗
p f̃pf̃∗

n
)YSSSS(f̃k, f̃m, f̃n, f̃p)
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+λφ+

i
f̃k f̃∗

m
λ∗

φ+

j
f̃nf̃∗

p

(nf̃k
nf̃n

λf̃m f̃∗
k

f̃nf̃∗
p

+ nf̃k
λf̃m f̃∗

p f̃nf̃∗
k
)ZSSSS(f̃k, f̃m, f̃n, f̃p). (5.17)

This expression includes the contributions for the sfermions of the first two families, which only have gauge interactions.
In the numerical results of section VI, only the third-family sfermion contributions from eq. (5.17) are included.

VI. DISCUSSION AND NUMERICAL EXAMPLES

I have carried out several checks on the above expressions. First, the quark/gluon two-loop contributions to the
Higgs scalar boson self-energies had already been computed in refs. [51, 52]. I have checked that my corresponding
results, namely the GFF and GF F terms in eqs. (4.1) and (5.1) of the present paper, agree with these, by converting

from the on-shell scheme used there into the DR
′
scheme used here.

Second, I have verified that the self-energy contributions listed above for h0, H0, when evaluated in the limit s → 0,
do correspond precisely to the second derivatives with respect to vu, vd of the appropriate terms in the two-loop
effective potential [31], according to:

Π(2)(0) =
1

2

(
cα −sα

sα cα

)(
∂2V (2)/∂v2

u ∂2V (2)/∂vu∂vd

∂2V (2)/∂vu∂vd ∂2V (2)/∂v2
d

)(
cα sα

−sα cα

)
, (6.1)

where cα = cosα, sα = sinα, and the two-loop effective
potential is

Veff = V (0) +
1

16π2
V (1) +

1

(16π2)2
V (2) + . . . . (6.2)

Third, I have checked that the renormalization group
scale invariance of the pole masses is consistent with the
known two-loop renormalization group equations for the
Lagrangian parameters [37, 53–55] and VEVs [31]. These
checks are quite involved, but follow the same pattern as
given explicitly in the toy model of section VI of [39].

Finally, there are non-realistic limits of the MSSM
in which a global SU(2) symmetry implies the equality
of masses and self-energies of the charged Higgs scalar
bosons G±, H± with two of the neutral scalars. This oc-
curs for yt = yb, at = ab, m2

Hu
= m2

Hd
, m2

ui
= m2

di
, and

either:

case 1: vu = vd 6= 0, g = g′ = 0;

case 2: vu = vd = 0, g, g′ 6= 0,

and neglecting all slepton contributions. I have checked
that in each case, the required equality between neutral
and charged Higgs scalars for the self-energy contribu-
tions of sections IV and V indeed occurs.

The most important application of the results above
is probably to the calculation of the “momentum-
dependent” contributions to the pole mass of the lightest
scalar Higgs boson, h0. Before reporting some numerical
examples, it seems worthwhile to illustrate the role and
rough size of the effects with a simple limiting case that
can be treated analytically. Consider the degenerate de-
coupling limit in which the top squarks and the gluino
have the same mass M , with s ≪ m2

t ≪ M2, and with
all bottom, tau, and electroweak effects neglected. Then,
at one loop order:

Π
(1)
h0h0(s) = y2

t c2
α [P1 + sP ′

1 + . . .] (6.3)

where

P1 = 6M2
[
lnM2 − 1

]
− 6m2

t

[
lnm2

t − 1
]

+12ln(M2/m2
t ) (6.4)

P ′

1 = 3lnm2
t + 2, (6.5)

and

lnX ≡ ln(X/Q2), (6.6)

and we consistently neglect terms of order m2
t /M

2. Sim-
ilarly, at two-loop order, we obtain from the results of
section IVA, and the analytical expressions of section VI
of ref. [40], and for simplicity keeping only terms of order
g2
3 :

Π
(2)
h0h0(s) = g2

3y
2
t c2

α [P2 + sP ′

2 + . . .] (6.7)

where

P2 = 32M2
[
−(lnM2)2 + 3lnM2 − 3

]

+16m2
t

[
9(lnm2

t )
2 − 9lnm2

t + 5

−2(lnM2)2 − 6lnM2lnm2
t + 5lnM2

]
, (6.8)

P ′

2 = −12(lnm2
t )

2 − 12lnm2
t +

44

3

−4(lnM2)2 +
4

3
lnM2 + 8lnM2lnm2

t . (6.9)

Now, including the tree-level contribution to the squared
mass, one can use the condition

∂Veff/∂vu = 0 (6.10)

to eliminate the terms proportional to M2 in the expres-
sion for the pole squared-mass. One then finds:

m2
h0,pole = m2

Z cos2(2β) +
y2

t

16π2
c2
α

[
m2

t ∆1 + m2
h0∆′

1

]
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+
g2
3y

2
t

(16π2)2
c2
α

[
m2

t ∆2 + m2
h0∆′

2

]
, (6.11)

neglecting terms of order y4
t and m4

h0/m2
t , with

∆1 = 12ln(M2/m2
t ), (6.12)

∆′

1 = P ′

1, (6.13)

∆2 = 32[3(lnm2
t )

2 − lnm2
t − 1 − (lnM2)2

−2lnM2lnm2
t + lnM2], (6.14)

∆′

2 = P ′

2. (6.15)

Choosing the renormalization scale Q = M ,

∆1 = 12L, (6.16)

∆′

1 = 2 − 3L, (6.17)

∆2 = 96L2 + 32L − 32, (6.18)

∆′

2 = −12L2 + 12L + 44/3, (6.19)

where L = ln(M2/m2
t ), and as usual the masses and yt

and g3 are DR
′

couplings in the MSSM (with the top
quark and the superpartners not decoupled). The terms
∆1 and ∆2 agree with the results obtained in eq. (21) of
ref. [22]. The last term, ∆′

2, is a consequence of the new
result obtained under much more general circumstances
in this paper. However, even in this crude limit (which
neglects the important ingredients of top squark mixing
and mass hierarchy), we can see that it is smaller than
one might perhaps have expected. This is both because
the dimensionless number coefficients in the ∆′

2 term are
smaller than those in the ∆2 term, and because there is
a significant cancellation between the leading logarithm
squared term and the sub-leading logarithm and constant
term in ∆′

2. Indeed, the leading-logarithm approximation
to ∆′

2 is clearly quite poor unless M is over 1 TeV.
For more precise results in realistic models, it is neces-

sary to keep all of the terms in the two-loop self-energy,
and evaluate the integrals numerically. When computing
the pole mass of h0, it is best to use the following trick for
approximating the full two-loop self-energy. Denote by

Π
(2)
par(s) the sum of the 2× 2 matrix self-energy contribu-

tions for the neutral Higgs scalars h0, H0 found in section
IV. (From here on I only apply the general results above
to specific examples without CP violation.) Then we use
the following expression for the two-loop self-energy:

Π(2)(s) ≈ Π(2)
par(s) − Π(2)

par(0) + Π(2)(0), (6.20)

where the last term is given exactly by eq. (6.1). In
this way, we include all other two-loop self-energy effects
within the effective potential approximation, while avoid-
ing any possibility of double-counting. Eventually, when
all of the remaining diagrams are calculated, this proce-
dure will not be necessary, of course.

For a specific quasi-realistic numerical example, con-

sider the model defined by the following DR
′
parameters

at a renormalization group scale Q0 = 640 GeV:

g′ = 0.36, g = 0.65, g3 = 1.06,
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s

1/2
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FIG. 2: The two-loop contributions to Re[Πh0h0(s)] −
Πh0h0(0) found in section IV, for the model described in the
text, as a function of the momentum invariant s.

yt = 0.90, yb = 0.13, yτ = 0.10, (6.21)

and, in GeV,

M1 = 150, M2 = 280, M3 = 800,

at = −600, ab = −150, aτ = −40

and, in GeV2,

m2
Q1,2

= (780)2, m2
u1,2

= (740)2, m2
d1,2

= (735)2,

m2
L1,2

= (280)2, m2
e1,2

= (200)2,

m2
Q3

= (700)2, m2
u3

= (580)2, m2
d3

= (725)2,

m2
L3

= (270)2, m2
e3

= (195)2,

m2
Hu

= −(500)2, m2
Hd

= (270)2. (6.22)

The two-loop effective potential is then minimized by:

vu(Q0) = 172 GeV; vd(Q0) = 17.2 GeV, (6.23)

provided the remaining parameters are:

µ = 504.18112 GeV, b = (184.22026 GeV)2. (6.24)

Figure 2 shows the two-loop contribution to the quan-
tity Re[Πh0h0(s)]−Πh0h0(0) in this model, as a function
of s. The solid line is the total calculated in section IV of
this paper. Various contributions to this are also shown
separately: the part coming from diagrams involving a
top quark loop and a gluon [the GFF and GFF terms in
eq. (4.1)] are shown as the long-dashed line, the part from
other diagrams involving top (s)quarks and gluinos are
shown as the dot-dashed line, and all of the remaining
contributions are lumped together as the short-dashed
line. This shows that, at least for the subset of contribu-
tions found in this paper, the deviation from the effective
potential approximation comes mostly from top quark
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FIG. 3: The pole mass of h0, computed in various approx-
imations, for the model described in the test, as a function
of the renormalization scale Q. In each case, the full one-
loop self-energy is used in the computation. The dashed line
also includes the contributions of the two-loop self-energy in
the effective potential approximation, neglecting electroweak
couplings. The dot-dashed line includes the contributions of
the full two-loop self-energy in the effective potential approx-
imation. The solid line also includes momentum-dependent
contributions to the self-energy, as found in section IV.

loops involving the strong interactions, as one might ex-
pect. The relative proportions from different diagrams
varies rather strongly with the choice of renormalization
scale, but the total has only a small Q-dependence. Dia-
grams involving only squarks contribute less to the quan-
tity Re[Πh0h0(s)] − Πh0h0(0), because s ≪ m2

q̃.

The resulting pole mass of h0 is shown in figure 3, as
a function of the choice2 of renormalization scale Q. To
make this graph, all of the model parameters including
the VEVs are evolved using the two-loop renormalization
group equations [53] from the defining scale Q0 = 640
GeV to the scale Q. The two-loop effective potential
is then required to be minimized, determining the val-
ues of µ and b at that scale. Using these parameters as
inputs, the dot-dashed line shows the pole mass as calcu-
lated in the full effective potential approximation, as in
ref. [32]. The solid line shows the improved calculation of
this paper, using eq. (6.20) for the momentum-dependent
self-energy. (For comparison, the dashed line shows the
result within a partial two-loop effective potential ap-

2 To avoid instabilities in the effective potential approximation to
the self-energy [31], only choices of Q leading to positive Gold-
stone boson tree-level squared masses are shown; in this model,
that requirement limits us to Q > 568 GeV. This includes the
geometric mean of the top squark masses, and also the scale
where the sum of the one-loop and two-loop corrections to mh0

vanishes.

600 650 700 750
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Γ h→
bb

(g
)  [
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]

1-loop self-energy + 2-loop effective potential
2-loop self-energy, expansion around tree
2-loop self-energy, iterative

FIG. 4: The dependence of the h0 → bb(g) width, obtained
from the corresponding contributions to the imaginary part
of the pole mass, as a function of the renormalization scale
Q, in various approximations.

proximation [21–23, 28], in which all electroweak effects
involving g, g′ are neglected in the two-loop effective po-
tential.) We see that including the s-dependence in the
self-energy lowers the prediction for the pole mass, by
only about 160 MeV in this model, and nearly indepen-
dently of the choice of renormalization scale.

The imaginary part of the pole mass can in principle
be used to obtain the physical decay width of h0. The
contribution from various decay channels can be identi-
fied by isolating the imaginary parts due to each one-loop
and two-loop contribution to the self-energy. In fig. 4, I
show the width corresponding to the decays h0 → bb
and h0 → bbg. (Not included are spurious imaginary
contributions of the self-energy coming from diagrams
with Goldstone bosons, which arise because we have not
included all of the two-loop self-energy diagrams with
non-zero s.) The dashed line shows the result coming
entirely from the imaginary parts of one-loop bottom-
quark diagrams, but using the (real) two-loop effective
potential approximation in order to get the kinematics
correct by making a reasonable approximation for the
real part of the pole mass s = m2

h0,pole. The solid line in-
corporates the additional parts from two-loop diagrams,
which therefore includes the effects of gluon emission and
one-loop corrections to the h0bb vertex and the b-quark
propagator. The complex pole mass is obtained by iter-
ation of eq. (1.4). In contrast, the dot-dashed line shows
the same result, but using the method of expanding the
self-energies about the tree-level mass, as in eqs. (1.5)-
(1.7). The latter method has a strong Q-dependence for
the width (although it only makes a difference of at most
a few tens of MeV in the real part of the pole mass).
This is because the tree-level h0 mass is only close to the
two-loop mass for renormalization scales near Q = 675
GeV. Of course, the Higgs decay width is more accu-
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FIG. 5: The dependence of the computed h0 pole mass on the parameter at, for the model described in the text. The left
panel is the same approximation as the solid line of fig. 3. The right panel shows the change in the h0 pole mass induced by
including the momentum-dependent self-energy, compared to the full two-loop effective potential approximation.

rately calculated using other methods (see e.g. [56, 57]
and references therein).

I have checked that comparable results obtain for a va-
riety of other MSSM model parameters, including some
with large tanβ. As one illustration, consider the effect
of the top squark mixing, which is well-known to have a
significant effect on the h0 mass. Figure 5 shows the de-
pendence of the computed pole mass on the Lagrangian
Higgs-t̃L-t̃R coupling parameter at, keeping all other pa-
rameters (except µ and b) fixed to the values given above.
Recall from the definition of ref. [3] or [31] that the off-
diagonal entries in the tree-level top-squark squared-mass
matrix are vuat−µytvd. Therefore, the top squark mixing
angle vanishes for at = µyt/ tanβ (in this model, about
45 GeV). Figure 5 illustrates that the part of the h0 pole
mass coming from momentum-dependent effects in the
two-loop self-energy is at most a few hundred MeV, and
often much less.

As a numerical study of the effectiveness of the partial
two-loop self-energy corrections obtained in this paper,
consider the masses of the Goldstone bosons. Because the
self-energies are obtained by expanding the Higgs fields
around VEVs that minimize the Landau gauge two-loop
effective potential, the Goldstone scalars G0 and G± are
exactly massless at two loop order. This means that the
matrices

m2
φ0

i
δij +

1

16π2
Π

(1)

φ0
i
φ0

j

(0) +
1

(16π2)2
Π

(2)

φ0
i
φ0

j

(0), (6.25)

m2
φ±

i

δij +
1

16π2
Π

(1)

φ+

i φ−

j

(0) +
1

(16π2)2
Π

(2)

φ+

i φ−

j

(0) (6.26)

each have one 0 eigenvalue. In figure 6, I show the
tree-level, one-loop and partial two-loop approximations
to the Goldstone boson mass quantity m2

G/
√
|m2

G| as a
function of the choice of renormalization scale Q. Here
m2

G is defined to be the lowest eigenvalue of respectively
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FIG. 6: The Goldstone boson mass quantity m2

G/
√

|m2

G
| in

GeV, in the tree-level, one-loop, and partial two-loop approx-
imations, for the model described in the text, as a function of
the choice of renormalization scale Q. The G0 and G± lines
are not visually distinguishable at tree-level (dashed) and one-
loop (dot-dashed) order. The partial two-loop result for G0

is the upper solid line and for G± is the lower solid line. The
full two-loop result for both G0 and G± should be exactly
0 by construction, since the fields are expanded around the
minimum of the Landau gauge two-loop effective potential.

the first term, the first two terms, and all three terms

with Π(2) replaced by Π
(2)
par, in eqs. (6.25) and (6.26).

Here Π
(2)
par is the partial two-loop approximation from

sections IV and V. The effect of the approximation we
have made for the two-loop self-energy is seen to be of
order only tens of GeV2 for the Goldstone boson squared
masses at s = 0, and much smaller than for the one-loop
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FIG. 7: The two-loop contributions to the real parts of the
self-energy functions ΠH0H0(s) and ΠA0A0(s) (found in sec-
tion IV) and ΠH+H−(s) (found in section V), for the model
described in the text, as a function of the momentum invari-
ant s.

and tree-level approximations.

Let us now turn to the effects of the partial two-loop
self energy corrections found in this paper on the heavier
Higgs scalar bosons H±, H0, and A0. These corrections
are typically even smaller than for h0, both in relative and
absolute terms, in part because they have a weaker cou-
pling to virtual top (s)quarks, but also because there are
non-trivial cancellations. Figure 7 shows the dependence
of the real parts of the diagonal two-loop self-energies for
H±, H0, and A0, as a function of s. Since this model
is not far from the decoupling limit, these nearly form
an isospin doublet, so the self-energy functions have a
similar behavior, especially at larger s. Note that the
A0 self-energy has a singular threshold at

√
s = 2mt,

due to the effects of massless gluon exchange. The di-
agrams of the type VFFFFV and MFFFFV in Figure 1
cause threshold behavior proportional to (1−s/4m2

t )
−1/2

and ln(1 − s/4m2
t ), respectively. If the pole mass were

in the vicinity of this threshold, these singularities would
have to be eliminated by re-summation, a topic beyond
the scope of the present paper. In contrast, the thresh-
old behaviors of the H0 self-energy at

√
s = 2mt and of

the H± self-energy at
√

s = mt +mb are continuous (but
not differentiable). In all three cases, I have checked that
there is a significant cancellation between the contribu-
tions of order g2

3y
2
t and those of order y4

t . The extent of
this cancellation depends on the choice of renormaliza-
tion scale.

The resulting effect of the partial two-loop self-energies
on the H±, H0, and A0 pole masses is rather small. Fig-
ure 8 shows the renormalization scale dependence of the
calculated pole mass for the charged Higgs scalars. Here,
I do not use the trick of incorporating the effective po-
tential results as was done for h0 in eq. (6.20), since the
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FIG. 8: The computed H± pole mass for the model described
in the text, in various approximations, as a function of the
renormalization scale Q. The dashed line uses the one-loop
effective potential minimization conditions to determine pa-
rameters used in the one-loop self-energy. The dot-dashed
line uses the two-loop effective potential minimizations con-
dition, and the one-loop self-energy. The solid line uses the
two-loop effective potential minimization conditions, and the
partial two-loop self-energy as found in section V.
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FIG. 9: The computed pole masses of A0 (lower pair of lines)
and H0 (upper pair of lines), for the model described in the
text, as a function of the renormalization scale Q. The ap-
proximations are as in figure 8.

effective potential approximation to the self-energy is not
close to valid for the heavier Higgs scalar bosons. Here
the dashed line shows the result of a purely one-loop cal-
culation, meaning that the parameters µ, b are fixed from
the VEVs by using the one-loop effective potential, and
the pole mass is computed using the one-loop self-energy.
The dot-dashed line uses the two-loop effective potential
to fix µ, b, but then uses the one-loop self-energy func-
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tion to get the pole mass. This is seen to remove much
of the renormalization group scale dependence. Using
the two-loop self-energy contributions as found in this
paper changes the pole mass by only a small amount,
(and actually makes the Q-dependence slightly worse).
The change is much smaller than the dependence on Q.
The remaining two-loop diagrams involving electroweak
gauge couplings and perhaps the three-loop contributions
to electroweak symmetry breaking are therefore more im-
portant than the diagrams calculated here for this case,
and in particular should remove most of the remaining
Q dependence in the calculated pole mass. However,
the remaining theoretical error is probably already much
smaller than future experimental uncertainties [6, 58].

Very similar results follow for the A0 and H0 pole
masses. They are shown in Figure 9. The same remarks
apply here as for H±.

VII. OUTLOOK

In this paper, I have presented partial results for the
two-loop self-energy functions of the Higgs scalar bosons
in minimal supersymmetry, in the mass-independent and

supersymmetric DR
′

renormalization scheme. In the
case of the lightest Higgs scalar, h0, this allows an
improved calculation of the gauge-invariant pole mass,
which should correspond to the kinematic mass observed
at colliders. The size of the corrections was found in typ-
ical cases to be of order one to a few hundred MeV. This
is significant compared to the eventual experimental un-
certainty to be obtained at the LHC and especially at a
LC.

To make further progress, it will be necessary to in-
clude the remaining two-loop self-energy corrections in-
volving electroweak couplings. This has already been
done in the effective potential approximation [31, 32].
However, it is precisely for these contributions that the
approximation s = 0 is not always a very good one, par-

ticularly for diagrams in which no momentum routing can
avoid an electroweak gauge boson. Therefore, it will cer-
tainly be necessary to include these contributions in order
to reduce the theoretical uncertainties to acceptable lev-
els. It also seems clear that the leading (e.g. y2

t g4
3 , y4

t g2
3 ,

and y6
t ) three-loop contributions to the h0 pole mass will

be necessary, but can be included in the effective poten-
tial approximation. These corrections can be estimated
in a leading-logarithm approach using the renormaliza-
tion group. However, we have seen above that the non-
logarithmic pieces are not always small compared to the
logarithmic ones.

The size of the two-loop effects found above on the
heavier Higgs boson masses H±, H0, and A0 do not seem
to be significant compared to the expected experimental
uncertainties. However, I have not conducted an exhaus-
tive search of all of parameter space, and in any case the
marginal cost in human effort to include all of the Higgs
scalar self-energies at two-loop order is not great, once
the two-loop self-energy for h0 is included.

Besides calculations in the Higgs sector, it will be nec-
essary to calculate two-loop corrections for the other su-
perpartner masses in order to interpret the results above
in realistic situations. This issue is particularly acute in
the mass-independent renormalization scheme adopted
here, since e.g. the top-quark Yukawa coupling and the
top-squark tree-level masses are used as inputs, rather
than the physical top-quark and top-squark masses. In
order to make meaningful comparisons with calculations
for the Higgs masses done in the on-shell schemes and to
future experimental constraints or (hopefully) data, the
two-loop mass corrections for the top and bottom quark,
the squarks, and the gluino, at least, will be needed. For-
tunately, these results are definitely not out of reach.

This work was supported by the National Science
Foundation under Grant No. 0140129.
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